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Chapter 1 



INTRODUCTION TO THESE 
LECTURES 



1.1 Extremal Black Holes from Classical General Relativity to 
String Theory 

Black hole physics has many aspects of great interest to physicists with very different cultural 
backgrounds. These range from astrophysics to classical general relativity, to quantum field 
theory in curved space-times, particle physics and finally string theory and supergravity. This 
is not surprising since black-holes are one of the basic consequences of a fundamental theory, 
namely Einstein general relativity. Furthermore black-holes have fascinating thermodynamical 
properties that seem to encode the deepest properties of the so far unestablished fundamental 
theory of quantum gravity. Central in this context is the Bekenstein Hawking entropy: 



where ks is the Boltzman constant, G is Newton's constant, fi is Planck's constant and Area# 
denotes the area of the horizon surface. 

This very precise relation between a thermodynamical quantity and a geometrical quantity 
such as the horizon area has been for more than twenty years the source of unextinguishable 
interest and meditation. Indeed a microscopic statistical explanation of the area law for the 
black hole entropy has been correctly regarded as possible only within a solid formulation of 
quantum gravity. Superstring theory is the most serious candidate for a theory of quantum 
gravity and as such should eventually provide such a microscopic explanation of the area law. 
Although super strings have been around for more than twenty years a significant progress in 
this direction came only recently ||], after the so called second string revolution (1995). Indeed 
black holes are a typical non-perturbative phenomenon and perturbative string theory could say 
very little about their entropy: only non perturbative string theory can have a handle on it and 
our handle on non perturbative string theory came after 1995 through the recognition of the role 
of string dualities. These dualities allow to relate the strong coupling regime of one superstring 
model to the weak coupling regime of another one and are all encoded in the symmetry group 
(the [/-duality group) of the low energy supergravity effective action. Paradoxically this low 
energy action is precisely the handle on the non perturbative aspects of superstrings. 



Sbh = 7^7 Area// 
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Since these lectures are addressed to an audience assumed to be mostly unfamiliar with 
superstrings, supergravity and superstrings we have briefly summarized this recent conceptual 
revolution in order to put what follows in the right perspective. What we want to emphasize 
is that the first instance of a microscopic explanation of the area law within string theory has 
been limited to what in the language of general relativity would be an extremal black hole. This 
is not a capricious choice but has a deep reason. Indeed the extremality condition, namely the 
coincidence of two horizons, obtains, in the context of a supersymmetric theory, a profound 
reinterpretation that makes extremal black holes the most interesting objects to study. To 
introduce the concept consider the usual Reissner Nordstrom metric describing a black-hole of 
mass m and electric (or magnetic) charge q: 

ds 2 = -alt* (l - ^ + -|) + dp 2 (l - *5 + ±y 1 + p 2 dtf (1.1.2) 

where dQ 2 = (d6 2 + sin 2 9 d(f) 2 ) is the metric on a 2-sphere. As it is well known the metric 
fll.1.2; ) admits two killing horizons where the norm of the killing vector Jr changes sign. The 
horizons are at the two roots of the quadratic form A = —2mp + q 2 + p 2 namely at: 



p±=m±^f m 2 — q 2 (1.1.3) 

If m < \q\ the two horizons disappear and we have a naked singularity. For this reason in 
the context of classical general relativity the cosmic censorship conjecture was advanced that 
singularities should always be hidden inside horizon and this conjecture was formulated as the 
bound: 

m > \q\ (1-1-4) 

As we shall see, in the context of a supersymmetric theory the bound ( |1.1.4| ) is always guaranteed 
by supersymmetry. As anticipated, of particular interest are the states that saturate the bound 
(|1.1.4| ). If m = \q\ the two horizons coincide and the metric (1.1.2) can be rewritten in a new 
interesting way. Setting: 

m = \q\ ; p = r + m ; r 2 = x ■ x (1.1.5) 

eq.( |1.1.2 ) becomes: 



ds 2 = -dt 2 (l+ q -^J 2 +(l + £) 2 [dr 2 + r 2 d^ 2 ) 

= - H- 2 {x) dt 2 + H 2 (x) dx ■ dx (1.1.6) 

where by: 



H(S)= M+_2= (1.1.7) 

V vx ■ xJ 

we have denoted a harmonic function in a three-dimensional space spanned by the three carte- 
sian coordinates x with the boundary condition that H (x) goes to 1 at infinity. 



The metric ( 1.1.6 ) already contains all the features of the black hole metrics we shall consider 
in these lectures: 
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1. It is of the form: 

ds 2 = -e 2U ^dt 2 + e- 2U ^dx 2 (1.1.8) 

where the radial function U(r) is expressed as a linear combination of harmonic functions 

of the transverse coordinates x: 

p 

U(r) = ]T a 4 lo § (1.1.9) 

i=i 

2. It is asymptotically flat ==> U(oo) = 

3. It is a Maxwell Einstein metric in the sense that it satisfies Einstein equations with the 
stress-energy tensor T^ u contributed by a suitable collection of abelian gauge fields 

(A = l,...,n). 

4. It saturates the cosmic censorship bound ( |l.l.4| ) in the sense that its ADM mass is ex- 
pressed as an algebraic function of the electric and magnetic charges hidden in the har- 
monic functions Hi{x). 

In the next section we shall interpret black holes of this form as BPS saturated states namely 
as quantum states filling special irreducible representations of the supersymmetry algebra, the 
so called short supermultiplets, the shortening condition being precisely the saturation of the 



cosmic censorship bound ( 1.1.4 ). Indeed such a bound can be restated as the equality of the 
mass with the central charge which occurs when a certain fraction of the supersymmetry charges 
identically annihilate the state. The remaining supercharges applied to the BPS state build 
up a unitary irreducible representation of supersymmetry that is shorter than the typical one 
since it contains less states. As we stress in the next section it is precisely this interpretation 
what makes extremal black holes relevant to the string theorist. Indeed these classical solutions 
behave as the other half of the particle spectrum of superstring theory, the half not accessible 
to perturbative string theory. 

When in the above sentence we said classical solutions we should have specified of which 
theory. The answer to this question is super gravity, that is the low energy effective field theory 
of superstrings. The other half of the quantum particle spectrum, the non perturbative one, 
is actually mostly composed of classical solutions of supergravity. This miracle, as we shall 



further explain in the next section L2j , is once again due to the BPS condition which protects 
these classical solutions from quantum corrections. 

Furthermore we said particles. In modern parlance particles are just 0-branes, namely a 
particular instance of p-dimensional extended objects (the p-branes) that occur as quantum 
states in the non perturbative superstring spectrum and can be retrieved as classical solutions 
of effective supergravity in D space-time dimensions. If we confine our attention to space-time 
dimensions D = 4 we have only 0-branes, but these are in fact extended p-branes that have 
wrapped along homology cycles of the compactified dimensions. We shall elaborate on this point 
in chapter ||. In the p-brane picture one divides the space-time coordinates in two subsets, 
those belonging to the world volume spanned by the moving brane and those transverse to it. 
The p-brane metric depends on space-time coordinates only through harmonic functions of 
the transverse coordinates. For 0-branes the world volume consists only of the time t and the 
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above general feature is precisely that displayed by the extremal Reissner Nordstrom metric 

GD- 

Hence to our reader whose background is classical general relativity or quantum gravity and 
who approaches the notion of supergravity p-branes for the first time we can just point out the 
following 

Statement 1.1.1 The extremal Reissner Nordstrom metric where m = \q\, once rewrit- 

ten as in eq. ( [1.1.6]) is the prototype of the BPS saturated black holes treated in these lectures. 



1.2 Extremal Black— Holes as quantum BPS states 

In the previous section we have reviewed the idea of extremal black holes as it arises in classical 
general relativity. Extremal black-holes have become objects of utmost relevance in the context 
of superstrings after the second string revolution has taken place in 1995. Indeed supersymmetric 
extremal black-holes have been studied in depth in a vast recent literature ||, ||], ||| . This interest 
is just part of a more general interest in the p-brane classical solutions of supergravity theories 
in all dimensions 4 < D < 11 Jl4|, |5|. This interest streams from the interpretation of the 
classical solutions of supergravity that preserve a fraction of the original supersymmetries as 
the BPS non perturbative states necessary to complete the perturbative string spectrum and 
make it invariant under the many conjectured duality symmetries [^, |7[ ||, [9|, [l(|. Extremal 
black-holes and their parent p-branes in higher dimensions are therefore viewed as additional 
particle-like states that compose the spectrum of a fundamental quantum theory. The reader 
of these notes who has a background in classical general relativity and astrophysics should be 
advised that the holes we are discussing here are neither stellar-mass, nor mini-black holes: 
their mass is typically of the order of the Planck-mass: 

MBlack Hole ~ Mpi anc k (1-2-1) 

The Schwarzschild radius is therefore microscopic. 

Yet, as the monopoles in gauge theories, these non-perturbative quantum states originate 
from regular solutions of the classical field equations, the same Einstein equations one deals with 
in classical general relativity and astrophysics. The essential new ingredient, in this respect, 
is supersymmetry that requires the presence of vector fields and scalar fields in appropriate 
proportions. Hence the black-holes we are going to discuss are solutions of generalized Einstein- 
Maxwell-dilaton equations. 

The above mentioned identification between classical p-brane solutions (black-holes are 
instances of 0-branes) and the non-perturbative quantum states of string theory required by 



duality has become quite circumstantial with the advent of D-branes [11| and the possibility 



raised by them of a direct construction of the BPS states within the language of perturbative 



string theory extended by the choice of Dirichlet boundary conditions [ 12 1 . 

Basic feature of the non-perturbative states of the string spectrum is that they can carry 
Ramond-Ramond charges forbidden at the perturbative level. On the other hand, the important 
observation by Hull and Townsend |9|, || is that at the level of the low energy supergravity 
lagrangians all fields of both the Neveu-Schwarz,Neveu-Schwarz (NS-NS) and the Ramond- 
Ramond (R-R) sector are unified by the group of duality transformations U which is also the 
isometry group of the homogenous scalar manifold M. scalar = U/H. At least this is true in 
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theories with sufficiently large number of super symmetries that is with N > 3 in D = 4 or, 
in a dimensional reduction invariant language with ^supercharges > 12. This points out 
that the distinction between R-R and NS-NS sectors is just an artifact of perturbative string 
theory. It also points out to the fact that the unifying symmetry between the perturbative and 
non-perturbative sectors is already known from supergravity, namely it is the [/-duality group. 
Indeed the basic conjecture of Hull and Townsend is that the restriction to integers £7(Z) of 
the U Lie group determined by supergravity should be an exact symmetry of non-perturbative 
string theory. 

From an abstract viewpoint BPS saturated states are characterized by the fact that they 
preserve, in modern parlance, 1/2 (or 1/4, or 1/8) of the original supersymmetries. What this 
actually means is that there is a suitable projection operator JP BPS = TP bps acting on the 
supersymmetry charge Qsusy, such that: 

(Pbps Qsusy) I BPS state > = (1.2.2) 

Since the supersymmetry transformation rules of any supersymmetric field theory are linear in 
the first derivatives of the fields eq.( |1.2.2| ) is actually a system of first order differential equa- 
tions. This system has to be combined with the second order field equations of supergravity 
and the common solutions to both system of equations is a classical BPS saturated state. That 
it is actually an exact state of non-perturbative string theory follows from supersymmetry rep- 
resentation theory. The classical BPS state is by definition an element of a short supermultiplet 
and, if supersymmetry is unbroken, it cannot be renormalized to a long supermultiplet. 

Translating eq. ( 1,2.2| ) into an explicit first order differential system requires knowledge of 



the supersymmetry transformation rules of supergravity. These latter have a rich geometrical 
structure that is the purpose of the present lectures to illustrate to an audience assumed to be 
unfamiliar with supergravity theory. Indeed the geometrical structure of supergravity which 
originates in its scalar sector is transferred into the physics of extremal black holes by the BPS 
saturation condition. 

In order to grasp the significance of the above statement let us first rapidly review, as an 
example, the algebraic definition of D = 4 BPS states in a theory with an even number of 
supercharges N = 2u. The case with N = odd can be similarly treated but needs some minor 
modifications due to the fact the eigenvalues of an antisymmetric matrix in odd dimensions are 
{±iA 4 ,0}. 

1.2.1 General definition of BPS states in a 4D theory with N = 2 x p super- 
symmetries 

The D = 4 supersymmetry algebra with N = 2 x p supersymmetry charges is given by 

{~QAai Qbp} = i( c 7 M ) a/ 3 P»Sab ~ C af3 Z AB 

(A,B = l,...,2p) (1.2.3) 

where the SUSY charges Q A = Q^7o = Q/a C are Majorana spinors, C is the charge conjugation 
matrix, P^ is the 4-momentum operator and the antisymmetric tensor Zab = —Zba is the 
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central charge operator. It can always be reduced to normal form 



/eZi 


V o 



. 


• ° \ 


eZ 2 ■ 


. 


. 


. eZpJ 



(1.2.4) 



where e is the 2x2 antisymmetric matrix, (every zero is a 2 x 2 zero matrix) and the p skew 
eigenvalues Zj of "Lab are the central charges. 

If we identify each index A,B,... with a pair of indices 



I, J, 



1, 



■P 



A=(a,I) ; a, b, ... = 1,2 
then the superalgebra ( |1.2.3| ) can be rewritten as: 

{Qal\a> QbJ\p) = K C '7'*)a0 P V 5 ab5lJ ~ C afi t ah X Zjj 



(1.2.5) 



(1.2.6) 



where the SUSY charges Q aI = Q a jJo = Qai C are Majorana spinors, C is the charge conju- 
gation matrix, P^ is the 4-momentum operator, e a b is the two-dimensional Levi Civita symbol 
and the central charge operator is now represented by the symmetric tensor ~S-u = 7Lji which 
can always be diagonalized TLu = SjjZj. The p eigenvalues Zj are the skew eigenvalues 
introduced in equation ( 1.2.4| ). 

The Bogomolny bound on the mass of a generalized monopole state: 



M > \ZA \/Zj , / = 1, 



,P 



(1.2.7) 



is an elementary consequence of the supersymmetry algebra and of the identification between 
central charges and topological charges. To see this it is convenient to introduce the following 
reduced supercharges: 



S 



al\a 



(1.2.? 



They can be regarded as the result of applying a projection operator to the supersymmetry 
charges: 



&al 



(lS ba ± ie 6a 7o) 



(1.2.9) 



Combining eq.( 1.2.^ ) with the definition ( 1.2.8 ) and choosing the rest frame where the four 
momentum is P^ =(M, 0,0, 0), we obtain the algebra: 



{Sti , St} = ±e ac CV± (M T Zr) 5jj 



(1.2.10) 



By positivity of the operator js^- , sfj^ it follows that on a generic state the Bogomolny bound 
flP7?| ) is fulfilled. Further more it also follows that the states which saturate the bounds: 



(M±Z I ) | BPS state,*) = 



(1.2.11) 



1.3. THE HORIZON AREA AND CENTRAL CHARGES 
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are those which are annihilated by the corresponding reduced supercharges: 

|BPS state,*) = (1.2.12) 

On one hand eq. ( 1.2.12 ) defines short multiplet representations of the original algebra (|1.2.6j ) 
in the following sense: one constructs a linear representation of ( [1.2,6 ) where all states are 
identically annihilated by the operators S aI for / = 1, . . . ,n max . If n max = 1 we have the 
minimum shortening, if n max = p we have the maximum shortening. On the other hand 
eq,( |1.2.12| ) can be translated into a first order differential equation on the bosonic fields of 
super gravity. 

Indeed, let us consider a configuration where all the fermionic fields are zero. Setting the 
fermionic SUSY rules appropriate to such a background equal to zero we find the following 
Killing spinor equation: 

= Jfermions = SUSY rule (bosons, eai) (1.2.13) 
where the SUSY parameter satisfies the following conditions 

^Jtie a i = ^e ab e bI ; I = l,...,n 



'■■■nui.v. 



t al — u j 1 '''max 

Hence eq.s ( |1.2.13| ) with a parameter satisfying the condition ( |1.2,14| ) will be our operative 
definition of BPS states. 



1.3 The Horizon Area and Central Charges 

In the main body of these lectures we are going to see how eq.s ( |1.2.13j ) can be translated 
into explicit differential equations. Solving such first order equations, together with the second 
order Einstein Maxwell equations we can obtain BPS saturated black hole solutions of the 
various versions of supergravity theory. This programme requires the use of the rich and 
complex structure of supergravity lagrangians. In these lectures, however we do not dwell on 
the technicalities of supersymmetry theory and except for the supersymmetry transformations 



rules needed to write ( 1.2.13 ) we almost nowhere else mention the fermionic fields. What 
we rather explain in detail the geometric symplectic structure of the supergravity lagrangians 
related to the simultaneous presence of vector and scalar fields, the latter interpreted a la a- 
model as coordinates of a suitable scalar manifold M scalar- This symplectic structure which 
is enforced by supersymmetry and which allows the definition of generalized electric-magnetic 
duality rotations fits into a rather general pattern and it is responsible for the most fascinating 
and most intriguing result in the analysis of supergravity BPS black holes: the interpretation 
of the horizon area appearing in the Beckenstein-Hawking formula ( [1.1. 1| ) as a topological U- 
duality invariant depending only on the magnetic and electric charges of the hole. 

If we go back to our prototype metric ( |1.1.2| ) and we calculate the area of the horizon, we 
find: ^ 

Area H = ^gee g^ d9d<j) = 4ir p 2 + = Att I m + Jm 2 - \q\ 2 J (1.3.1) 

Jp=P+ \ J 



denotes a time-like Killing vector 
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In the case of an extremal black-hole (m = |g|) eq,( 1.3.l| ) becomes: 

Area# 2 



(1.3.2) 



The rather innocent looking formula ( |1 .3.2 ) contains a message of the utmost relevance. For 
BPS black holes the horizon area and hence the entropy is a function solely of the electric and 
magnetic charges of the hole. It is also a very specific function, since it is an algebraic invariant 
of a duality group. But this is difficult to be seen in a too simple theory where there is just one 
electromagnetic field. Eq, ( 1.3.2^ ) reveals its hidden surprising structure when it is generalized 
to a theory containing several vector fields interacting with gravity and scalars within the 
symplectic scheme enforced by supersymmetry and proper to the supergravity lagrangians. 

Explaining the generalization of eq.(1.3.2) both at a general level and in explicit examples 
taken from the maximally extended supergravity theory (N = 8) is the main purpose of this 
series of lectures. 



Chapter 2 



SUPERGRAVITY p-BRANES IN 
HIGHER DIMENSIONS 

As we already stressed, in line with the topics of this school, our main goal is to classify BPS 
black hole solutions of 4D supergravity and to unravel the fascinating group theoretical structure 
of their Bekenstein Hawking entropy. 

Black holes are instances of 0-branes, namely objects with zero-dimensional space-like 
extension that can evolve in time. They carry quantized electric and magnetic charges {qs,P A } 
under the host of gauge-fields (A = 1, . . . ,n) appearing in the spectrum of supergravity, 
that is the low energy effective theory of strings, or M-theory. As we shall see, the entropy 

S BH =S(q,p) (2.0.1) 

is a topological invariant that depends solely on such quantized charges. Actually it is not 
only a topological invariant insensitive to continuous deformations of the black-hole solution 
with respect to the parameters it depends on (the moduli) but also an invariant in the group- 
theoretical sense. Indeed S (q, p) is an invariant of the U-duality group that unifies the various 
perturbative and non-perturbative duality of string theory. Such a complicated structure of the 
black hole arises from the compactification of too many of the actual dimensions of space-time. 
The black-hole appears to us as a 0-brane only because its spatial extension has been hidden 
in the six (or seven ) dimensional compact manifold A4 comp that is not directly accessible at 
low energies. The 0-brane black-hole is actually a p-brane (or intersection of many p-branes) 
that are wrapped on the homology p-cycles of the internal manifold M. C omp- 

So although our main focus will be on the D = 4 theory, in order to get a better insight 
into the meaning of such complicated objects as we propose to study, it is appropriate to start 
from the vantage point of higher dimensions D > 4 where p-branes become much simpler by 
freely unfolding into non compact directions. 

2.1 Definition and general features of dilatonic p- brane solu- 
tions in dimension D 

The basic idea of a p-brane solution can be illustrated by considering a very simple action 
functional in D space-time dimensions that contains just only three fields: 
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1. the metric g^u, namely the graviton 

2. a scalar field (fi(X), namely the dilaton 

3. a p + 1-form gauge field Ay p+ ^ = A Ml ...M p+ idX Ml A ... A dX^ x . 
Explicitly we write : 

Id = J d D x^-g [R - ^Vm^U - ± e^if p+2] ] (2.1.1) 

where i*[p+2] = <^4[p+i] is t ne field strength of the p + 1-form gauge potential and a is some real 
number whose profound meaning will become clear in the later discussion of the solutions. For 
various values of 

n = p+2 and a (2.1.2) 

the functional Id is a consistent truncation of some supergravity bosonic action S D ^ JGRA in 
dimension D. By consistent truncation we mean that a subset of the bosonic fields have been 
put equal to zero but in such a way that all solutions of the truncated action are also solutions 
of the complete one. For instance if we choose: 

o = l n = { 3 7 ( 2 - L3 ) 

eq.( |2.1.iD corresponds to the bosonic low energy action of D = 10 heterotic superstring (N=l, 
supergravity) where the E$ x Eg gauge fields have been deleted. The two choices 3 or 7 in 
eq.( |2.1.3 ) correspond to the two formulations (electric/magnetic) of the theory. Other choices 



correspond to truncations of the type IIA or type IIB action in the various intermediate dimen- 
sions 4 < D < 10. Since the n — 1-form -Ar n _i] couples to the world volume of an extended 
object of dimension: 

p = n-2 (2.1.4) 

namely a p-brane, the choice of the truncated action ( |2.1.l| ) is motivated by the search for 
p-brane solutions of supergravity. According with the interpretation ( p. 1.4 ) we set: 



n = p + 2 d = p+l d = D-p-3 (2.1.5) 

where d is the world-volume dimension of an electrically charged elementary p-brane solution, 
while d is the world-volume dimension of a magnetically charged solitonic p-brane with p = 
D — p — 4. The distinction between elementary and solitonic is the following. In the elementary 
case the field configuration we shall discuss is a true vacuum solution of the field equations 
following from the action ( |2.1.1[ ) everywhere in .D-dimensional space-time except for a singular 
locus of dimension d. This locus can be interpreted as the location of an elementary p-brane 
source that is coupled to supergravity via an electric charge spread over its own world volume. In 
the solitonic case, the field configuration we shall consider is instead a bona-fide solution of the 
supergravity field equations everywhere in space-time without the need to postulate external 
elementary sources. The field energy is however concentrated around a locus of dimension p. 
These solutions have been derived and discussed thoroughly in the literature |ll|. Good reviews 
of such results are []14|, [Tq ]. Defining: 



(2.1.6) 



2.1 DEFINITION OF p-BRANE SOLUTIONS IN DIMENSION D 
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it was shown in jDJ] that the action fl2.1.1| ) admits the following elementary p-brane solution 



_ 4d id 
o / K \ A(D-2) / ft \ A(D-2) 

ds 2 = (^1 + -- J dx*®da?Ti^-[l + ^) dy m ®dy n 5 r , 
F = X( — ) p+1 e fll ... f _ lp+1 dx^ 1 A ... A dx^ p+1 A — ( 1 H — ~ 



(r) 



7 X 

A; \ a 



1+^ (2.1.7) 



where the coordinates X M (M = 0, 1 . . . , D — 1 have been split into two subsets: 

• (/x = 0, . . . ,p) are the coordinates on the p-brane world-volume, 

• y m , (m = -D — d+ 1, . . . , -D) are the coordinates transverse to the brane 



By r = y/y m y m we denote the radial distance from the brane and by k the value of its electric 
charge. Finally, in eq.( 2,1.7j ) we have set: 



A = 2^= (2.1.? 



The same authors of ]T^] show that that the action ( |2.1.l| ) admits also the following solitonic 
p-brane solution: 

_ id id 

n ( k\ A(D-2) ( k \ A(D-2) 

ds 2 = + daf®dx u ri( tv -\l + - s ) dy m ® dy n 5 m n 

y' p 

F[D-n] = Ae^...^^ 1 A... Adx^d A 

*M = (l+*)* (2X9) 



e 



where the D — p — 2-form Fm_ n i is the dual of i 7 "^]) is now the magnetic charge and: 

A = -2—= 2.1.10 



These p-brane configurations are solutions of the second order field equations obtained by 
varying the actio n (|2.1.ip . However, when (2.1.1) is the truncation of a supergravity action 



both ( 2.1.7 ) and ( 2.1.9Q are also the solutions of a first order differential system of equat 



tons. 



This happens because they are BPS-extremal p-branes which preserve a fraction of the original 
supersymmetries. As an example we consider the 10-dimensional case. 

2.1.1 The elementary string solution of heterotic supergravity in D = 10 

Here we have : 

D = 10 d = 2 d = 6 a = l A = 4 A = ±6k (2.1.11) 
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so that the elementary string solution reduces to: 
ds 2 

exp[2t/(r)] 
F 



exp[2t/(r)] dx^ <g> dx v - exp[--J7(r)] dy r ' 



1 + 



k 



-3/4 



6k e^dx^ A dx v A 



y m dy r 



exp[</>(r)] 



-1/2 



(2.1.12) 



As already pointed out, with the values ( |2.1.11| ), the action (2.1.1) is just the truncation of 
heterotic supergravity where, besides the fermions, also the Eg x Eg gauge fields have been set 
to zero. In this theory the super symmetry transformation rules we have to consider are those 
of the gravitino and of the dilatino. They read: 



S X 



1 1 

V M e + — exp[-0] (r Ap(TAt + 9T Xp g afl ) F x ^ e 



V2 
4 



iJL-^r M £- i-i_exp[--<*ir 



V2 
24 



(2.1.13) 



Expressing the ten dimensional gamma matrices as tensor products of the two dimensional 
gamma matrices 7^ (f/, = 0, 1) on the 1-brane world sheet with the eight dimensional gamma 
matrices E m (m = 2, . . . , 9) on the transverse space it is easy to check that in the background 
( 2.1.12| ) the SUSY variations (2.1.13) vanish for the following choice of the parameter: 



1 + 



fc X-3/16 



eo (B) 770 



(2.1.14) 



where the constant spinors eo and tjq are respectively 2-component and 16-component and have 
both positive chirality: 

73eo = eo Si r/ = r/ (2.1.15) 

Hence we conclude that the extremal p-brane solutions of all maximal (and non maximal) 
supergravities can be obtained by imposing the supersymmetry invariance of the background 
with respect to a projected SUSY parameter of the type (2.1.14). 



2.2 M2— branes in D = 11 and the issue of the horizon geometry 

To illustrate a very crucial feature of p-brane solutions, namely the structure of their horizon 
geometry, we choose another example in D = 11. The bosonic spectrum of D = 11 supergravity 
[16] is very simple since besides the metric gu N it contains only a 3-form gauge field Aw and 
no scalar field <j). This means that a = and that there is an elementary electric 2-brane 
solution and a magnetically charged 5-brane, the M2-brane and the M5-brane, respectively. 
This universally adopted nomenclature follows from D = 11 supergravity being the low energy 
effective action of M-theory. Accordingly we have: 

a = ; d = 3 ; d = 6 ; A = 4 ; D = 11 (2.2.1) 
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and following eq:( 2.1.7j ) the metric corresponding to the elementary M2-brane can be written 



as: 



where 



d . d 



ds 2 u = (l + -!Q 9 dx^ 1 dx u r]^ + (l + " dX 7 dX J 5/j . (2.2.2) 



11-3-2 = 6 (2.2.3) 



What we would like to note is that in the bulk of this solution, namely for generic values of r, 
the isometry of the 11-dimensional metric ( 2.2.2j ) is: 



^2-brane = ISO(l,2) ® SO (8) (2.2.4) 

yet if we take the limiting value of this metric in the two limits 

1. Infinity: r — > oo 

2. Horizon: r — ► 

then the isometry gets enhanced and we respectively obtain: 

750(1, 10) at infinity 
50(2,3) x 50(8) at the horizon (2.2.5) 



The reason for this is simple. As one can realize by inspection, at r = oo the metric ( 2.2. 2j ) 



becomes the flat 11-dimensional metric which obviously admits the 11D Poincare group as 
isometry, while in the vicinity of r = 0, the metric ( |2.2.2 ) is approximated by the following 
metric: 

ds 2 = p 2 {-dt 2 + dz- dz) + p' 2 dp 2 + d£l 2 7 (2.2.6) 

where the last term dQ 2 is the 50(8) invariant metric on a 7-sphere 5 , while the previous 
ones correspond to a particular parametrization of the anti de Sitter metric on AdS^, which, 
by definition, admits 50(2,3) as isometry. To see that this is indeed the case it suffices to use 
polar coordinates for the eight transverse directions to the brane: 

dy 1 dy J 5 U = dr 2 + r 2 dn 2 . (2.2.7) 



set p = r 2 and take the limit p — > in the metric ( |2.2.2 



The conclusion therefore is that in the vicinity of the horizon the geometry of the M2-brane 
(HI) is: 

M% or = AdSi x S 7 (2.2.8) 

which, by itself, would be an exact solution of D = 11 supergravity. It follows that the M2- 
brane can be seen as an M-theory soliton, in the usual sense of soliton theory: it is an exact 
solution of the field equations that interpolates smoothly between two vacua of the theory, 11D 
Minkowski space at infinity and the space AdS^ x 5 7 at the horizon. 

This feature of the M2-brane ( p.2.2| ) corresponds to a very general property of p-branes 
and can be generalized in two ways. First we can make the following: 
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Statement 2.2.1 Whenever a = the limiting horizon geometry of an elementary or solitonic 
p-brane as defined in eg. ([2.1. j) or eq. ( 2.1.$ is 



M^ or = AdS p+2 x S D - p - 2 (2.2.9) 
Secondly we can pursue the following 

Generalization 2.2.1 Rather than eq.s ^2.l7\ ) or (2. IS), as candidate solutions for the action 



( \2. 1 . l\) consider the following ansatz: 



ds 2 = e 2A ^dx il dx v j]^ + e 2B{r) [dr 2 + r 2 \- 2 ds 2 G/H ] (2.2.10) 

(2.2.11) 
(2.2.12) 



Aui...u d — e Atl ... Atd e c '' r ) (2.2.11) 



where 

1. X is a constant parameter with the dimensions of length. 

2. The D coordinates X M are split as follows: X M = (x^, r, y m ), rj MN = diag(—, + + +...) 

3. p = 0, . . . , d — 1 runs on the p-brane world-volume (d = p + 1) 
4- • labels the r coordinate 

5. m = d + 1, . . . , D — 1 runs on some D — d — 1-dimensional compact coset manifold G/H , 
G being a compact Lie group and H C G a closed Lie subgroup. 

6. ds 2 G j H denotes a G-invariant metric on the above mentioned coset manifold. 

The basic difference with respect to the previous case is that we have replaced the invariant 
metric ds 2 sD _ d _ 1 on a sphere S D ~ d ~ 1 by the more general coset manifold metric ds 2 ^^. With 



such an ansatz exact solutions can be found as it was shown in [17]. If a = 0, namely if there 
is no dilaton, such G/H p-branes have as horizon geometry: 



Mp OT = AdS p+2 x ( ^ ) (2.2.13) 

D-p-2 



and their horizon symmetry is: 

SO(2,p + l) x G (2.2.14) 



Applied to the case of D = 11 supergravity, the electric ansatz in eq.s (2. 2. 10), (2. 2. 11) produces 



G/H M2-brane solutions. For pedagogical purposes we describe the derivation of such solutions 
in a little detail. 
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2.2.1 Derivation of the G/H M2-brane solution 

The field equations derived from (|2.1.l| ) have the following form: 



Rmn = ^d M <pd N (f) + S M n (2.2.15) 
V Ml (e a *F Ml - M ") = (2.2.16) 
^=^F 2 (2.2.17) 



where Smn is the energy- momentum tensor of the n-form F: 

1 „A. r ^ „ n — 1 



Smn = of - ^. e a nFM...F N - - " \, F 2 g MN ] (2.2.18) 
2{n — 1)1 n{D — A) 



The Vielbein 



In order to prove that the ansatz ( p.2. iq )-( |2T2TT2|) is a solution of the field equations it is 



necessary to calculate the corresponding vielbein, spin-connection and curvature tensors. We 
use the convention that tangent space indices are underlined. Then the vielbein components 



relative to the ansatz ( 2.2.10 ) are: 

EH = e A dx 11 - E± = e B dr; E^ = e B r\~ l W^- (2.2.19) 

V = e"vi 9; = e 2B , g mn = e 2B r 2 \- 2 g mn (2.2.20) 

with E— = G/H vielbein and g mn = G/H metric. 

The spin connection 

The Levi-Civita spin-connection on our .D-dimensional manifold is defined as the solution of 
the vanishing torsion equation: 

dE^- + 4 A£ - = (2.2.21) 
Solving eq.(2.2.21) explicitly we obtain the spin-connection components: 

uji^ = Q, (J9- = e- B A'E!i, lo^ = 0, lo^ = u^, tJ^ = exp[-B](B' + r~ 1 )E^. (2.2.22) 
where A' = d,A etc. and cj— is the spin connection of the G/H manifold. 

The Ricci tensor 

From the definition of the curvature 2-form : 



R MN = ^MN +L0 K Ai0 SN {2Z23) 



we find the Ricci tensor components: 

R^u = ~V^e 2{A ~ B) [A" + d(A'f + dA'B' + (d+ l)r" 1 A'] (2.2.24) 
R.. = ~\{d{A" + {A') 2 - A'B') + (d+ l)(B" + r^B')} (2.2.25) 

Rmn = -~g m n^[dA'(B' + r" 1 ) + r~ l B' + B" + d(B' + r- 1 ) 2 ] + R mn (2.2.26) 
2 A z 

where R mn is the Ricci tensor of G/H manifold, and d = D — d — 2. 



20 



SUPERGRAVITY and BPS BLACK HOLES: Chapter 2 



The field equations 

Inserting the electric ansatz into the field eq.s ( [2,2. 15| ) yields: 

A" + d{A'f + dA'B' + {d+ l)A'r- 1 = 2 ^_ 2) S 2 (2.2.27) 

d [ A " + (A') 2 - A'B'] + (d+ 1) [B" + r- l B'] = 2 ^_ 2) S 2 - ^f- (2.2.28) 
Smn [dA'(B' + r~ l ) + r~ x B' + B" + d(B' + r" 1 ) 2 ] - 2R„ 

g mn S 2 (2.2.29) 



d ^ 2 



2(D - 2) 

while eq.s fl2.2.16D - (|2.2.17|) become: 



C" + (d+ l)r- l C' + (dB' - dA' + C + a<j>')C' = (2.2.30) 



<p" + (d + l)r - V + [dA' + = -^5 2 (2.2.31) 

with 

S = e |«^K7-«Wc7' (2.2.32) 

2.2.2 Construction of the BPS Killing spinors in the case of D = 11 super- 
gravity 

At this point we specialize our analysis to the case of D = 11 supergravity, whose action in the 
bosonic sector reads: 

In = J d u xV=9 (R - ^If 4] ) + \J A F [A] A A [3] (2.2.33) 

and we look for the further restrictions imposed on the electric ansatz by the requirement that 
the solutions should preserve a certain amount of supersymmetry. This is essential for our goal 
since we are interested in G/H M-branes that are BPS saturated states and the BPS condition 
requires the existence of Killing spinors. 



As discussed in ref. \14\, the above action does not fall exactly in the general class of 



actions of type (2.1.1). Nevertheless, the results of sections 2.1 and 2.2 still apply: indeed it is 



straightforward to verify that the FFA term in the action ( 2.2. 33] ) gives no contribution to the 



field equations once the electric or magnetic ansatz are implemented. Moreover no scalar fields 



are present in ( 2.2.33 ): this we handle by simply setting to zero the scalar coupling parameter 
a. 

Imposing that the ansatz solution admits Killing spinors allows to simplify the field equations 
drastically. 

We recall the supersymmetry transformation for the gravitino: 

= D M e (2.2.34) 

with 

Dm = d M + \u M AB T AB - [ T p Q R J + 8T p Q R 6 s M }F PQRS (2.2.35) 
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Requiring that setting ipM = be consistent with the existence of residual supersymmetry 
yields: 

#M|^ =0 = D M e = (2.2.36) 

Solutions e(x,r,y) of the above equation are Killing spinor fields on the bosonic background 
described by our ansatz. 

In order to discuss the solutions of ( 2.2.36| ) we adopt the following tensor product realization 
of the (32 x 32) SO(l, 10) gamma matrices: 

r A = [ 7 ^® 1 8 , 73 ® l 8 , 75 ®r m ] (2.2.37) 



The above basis ( 2.2.37 ) is well adapted to our (3+1+7) ansatz. The 7 M (/it = 0,1,2,3) are 
usual 50(1,3) gamma matrices, 75 = 2707172737 while T m are 8x8 gamma matrices realizing 
the Clifford algebra of SO{7). Thus for example r, = 73 ® lg. 
Correspondingly, we split the D=ll spinor e as follows 

e = e®r](r,y) (2.2.38) 

where e is an 50(1,3) constant spinor, while the SO (7) spinor r], besides the dependence on 
the internal G/H coordinates y m , is assumed to depend also on the radial coordinate r. Note 
the difference with respect to Kaluza Klein supersymmetric compactifications where r] depends 
only on y m . Computing D in the ansatz background yields: 

D, = dp + V B - 2A 7 „73[e 3A .4' - VC7375] ® Is 

D. = d r + V 3 ^C"e C 7375 ® Is 
o 

An = Vg/ H + ^ [(B' + r- 1 )i 73 75 + \e c -* A C'\ ® T m (2.2.39) 
2A o 

where all 7„, T m have tangent space indices. The Killing spinor equation D^e = becomes 
equivalent to: 

(I4 - ^7375)e = 0; 3e 3A A' = e c C (2.2.40) 

Thus half of the components of the 4-dim spinor e are projected out. Moreover the second 
equation is solved by C = 3A. Considering next D,e = leads to the equation (where we have 
used C = 3A): 

drV + lc'n = (2.2.41) 


whose solution is 

V (r,y) = e - c ^%(y) (2.2.42) 

Finally, D m e = implies 

B = —C+ const. (2.2.43) 
6 

[V ™ H + ^x Tm]7]o = (2 ' 2 - 44) 
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Eq.( 2.2.44| ) deserves attentive consideration. If we identify the Freund-Rubin parameter as: 

e - JL (2.2.45) 



then eq.(2.2.44) is nothing else but the Killing spinor equation for a G/H spinor that one 
encounters while discussing the residual super symmetry of Freund-Rubin vacua. Freund-Rubin 
vacua [^] are exact solutions od D=ll supergravity where the 11-dimensional space is: 

Mn = AdS A x ) (2.2.46) 

having denoted by AdSo = SO(2, D— l)/SO(l, D — l) anti de Sitter space in dimension D and 
a 7-dimensional coset manifold equipped with a G-invariant Einstein metric. Such 



7 

a metric solves the field equations under the condition that the 4-form field strength take a 
constant 5*0(1, 3)-invariant vev: 

^/Ul£t2/U3A«4 = e e A t lM2At3A«4 (2.2.47) 

on AdS±. The Freund Rubin vacua have been exhaustively studied in the old literature on 



Kaluza-Klein supergravity (see [16] for a comprehensive review) and are all known. Furthermore 
it is also known how many killing spinors each of them admits: such a number is denoted Nqijj. 

In this way we have explicitly verified that the number of BPS Killing spinors admitted 
by the G/H M-brane solution is Nqijj, i.e. the number of Killing spinors admitted by the 
corresponding Freund-Rubin vacuum. 

2.2.3 M-brane solution 

To be precise the Killing spinors of the previous section are admitted by a configuration that has 
still to be shown to be a complete solution of the field equations. To prove this is immediate. 
Setting D = 11, d = 3,d = 6, the scalar coupling parameter a = 0, and using the relations 
C = 3A, B = — C/6 + const. = —A/2 + const, we have just deduced, the field equations 
( |2.2.271 ), ( I2.2.28Q , ( |2.2.29| ) become: 



A 2 

Combining the first two equations to eliminate S 2 yields: 



A" + lr- x A' = ^S 2 (2.2.48) 

(A') 2 = -S 2 (2.2.49) 
6 

3 

Rmn — T^imn (2.2.50) 



or: 



whose solution is: 



V 2 A - 3(A') 2 = A" + -A 1 - 3(A') 2 = (2.2.51) 
r 



VV 3A = (2.2.52) 
e -3A(r) = H ^ = l + A (2.2.53) 
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We have chosen the integration constant such that A(oo) = 0. The functions B(r) and C(r) 
are then given by B = —A/2 (so that B(oo) = 0) and C = 3A. Finally, after use of C = 3A, 
the F-field equation ( pIQCj ) b ecomes equivalent to Q2,2.51| ). The equation ( |2.2,52j ) determining 
the radial dependence of the function A(r) (and consequently of B{r) and C(r)) is the same 
here as in the case of ordinary branes, while to solve eq.( 2.2.50|) it suffices to choose for the 
manifold G/H the G-invariant Einstein metric. Each of the Freund-Rubin cosets admits such 
an Einstein metric which was also constructed in the old Kaluza-Klein supergravity literature 
(see ||,[1§) 

Summarizing: for D = 11 supergravity the field equations are solved by the ansatz ( |2.2.10| ), 
(|2.2.11) where the A,B,C functions are 



A(r) 

B(r) 
C{r) 



d . / k 
In 1 + - 
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d , / k 



18 
3A(r 



1 / k 
I'" 1 + ? 



1 / k 
6 ln 1 + ^ 



(2.2.54) 



displaying the same r-dependence as the ordinary M-brane solution ( 2.2.2|) . 

In this way we have illustrated the existence of G/H M-brane solutions (see. p0| ). Table 
2.2.3 displays the Freund-Rubin cosets with non vanishing Nq/h. Each of them is associated 
to a BPS saturated M-brane. The notations are as in ref.s [19], [pi]]. 



Table 2.1: Supersymmetric Freund Rubin Cosets with Killing spinors 



G/H 


G 


H 


N G/H 


S 7 


SO(8) 


SO(7) 


8 


squashed S 7 


SO(5) x SO(3) 


SO(3) x 50(3) 


1 


M ppr 


SU(3) x SU(2) x [/"(I) 


su{2) x u{iy 


2 


N m 


SU(3) x SU{2) 


SU{2) x U{1) 


3 


J\J-pqr 


SU(3) x U(l) 


u(iy 


1 


Qppp 


su(2y i 


u(iy 


2 


r'*' 

irred 


SO(5) 


SO(3>) max 


1 


V 5 ,2 


SO(5)) x U(l) 


SO{3) x U(l) 


2 
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Chapter 3 



THE SYMPLECTIC STRUCTURE 
OF 4D SUPERGRAVITY AND 
N=2 BPS BLACK HOLES 

3.1 Introduction to tetradimensional BPS black— holes and the 
general form of the supergravity action 

In this chapter we begin the study of BPS black-hole solutions in four space-time dimensions. 
We mainly focus on the case of N = 2 supergravity, leaving the higher TV-cases, in particular 
that of N = 8 supergravity to later chapters. Apart from its intrinsic interest we want to use the 
N = 2 example to illustrate the profound relation between the black-hole structure, in particular 
its entropy, and the scalar geometry of supergravity, together with its symplectic embedding 
that realizes covariance with respect to electric-magnetic duality rotations. We approach this 
intricate and fascinating relation starting from a general description of the nature of BPS black- 
hole solutions. These are field configurations satisfying the equations of motions derived from 
the bosonic part of the supergravity action that are characterized by the following defining 
properties: 

1. The metric has the form of a 0-brane solution admitting 1R x SO (3) as isometry group: 

ds 2 = e 2U ^ dt 2 - e~ 2U ^ dx 2 ; (r 2 = x 2 ) (3.1.1) 

2. The n gauge fields of the theory A A carry both electric and magnetic charges and are in 
a 0-brane configuration, namely their field strengths F A are of the form: 

F A = ^ €abc x a dx b A dx c - ^p-e 2U dt Ax-dx (3.1.2) 

3. The m scalar fields of the theory cf) 1 have only radial dependence: 

/ = 7 (r) ; (1=1,... m) (3.1.3) 



25 



26 



SUPERGRAVITY and BPS BLACK HOLES: Chapter 3 



4. The field configuration preserves a certain fraction of the original TV-extended supersym- 
metry: 

N 111 

fsuSY = ir- 5 (fsuSY) = ~ or - or - (3.1.4) 

^ '''max Z 41 o 

in the sense that there exists a BPS Killing spinor £a( x ) subject to the condition: 

7° U = iCABt B ; A,B = l,...,n max ; 2 < n max < N 

£a = ; A = n max + 1, . . . , N 
Cab = —Gab = antisymmetric matrix of rank n max (3.1.5) 

such that in the considered bosonic background the supersymmetry transformation rule 
of all the fermions of the theory vanishes along the Killing spinor ( |3 .1.5 ) : 



fiSUSY f erm j ons — q if sxjgy parameter ea = £,a = killing spinor (3.1.6) 

Let us illustrate the above definition of BPS black-holes by comparison with the results of 
chapter |l] on higher dimensional p-branes. To make such a comparison we have to assume that 
only one (say Am = A ) of the n gauge fields A^ and only one (say <j> = (p 1 ) of the m scalar 
fields cj) 1 are switched on in our solution. Furthermore we have to assume that upon truncation 
to such fields the supergravity lagrangian takes the form ( 2.1.1] ). Under these conditions a 



comparison is possible and it reveals the meaning of the definition of BPS black-holes we have 
adopted. It will become clear that the much richer structure of 4D black-holes is due to the 
presence of many scalar and many vector fields and to the geometric structure of their mutual 
interactions completely fixed by supersymmetry. 

So we begin by comparing the ansatz ( 3.1. 1| ) for the 4D-metric with the general form of the 



metric in either an elementary or solitonic p-brane solution as given in eq.s( 2.1.7| ) or ( 2.1.9| ) 



In this comparison we have also to recall eq.s ( p. 1.4 ), ( 2. 1.5] ) and ( |2.1.6| ). Since the black-hole 
is a 0-brane in D = 4, we have: 



d = 1 ; d = 1 
p = ; A = a 2 + 1 



2 , 1 (3-1-7) 



and for a solution coupled to a single vector field we would expect a metric of the form: 

ds 2=f 1+ t.y^ df-fi+h)^ d ^ (3.i. 8) 



that is precisely of the form (3.1.1) with a function U given by: 



U ( r ) = 2~7T lo § F ( r ) ( 3 - L9 ) 

a z + 1 



where: 



H{r) ee + 



A 3 H(r) = ]T ^H(r) = (3.1.10) 



i=i d < 
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is a harmonic function depending on the charge k carried by the single vector field we have 
considered in this comparison. 

Similarly for the single scalar field we would expect: 



f ttt log H(r) ; electric 0-brane 

1 ^ifi log H(r) ; magnetic solitonic 0-brane; 

and for the field strength of the single vector field we would expect: 

F = -2 , | = -4(1 + -) 2 dt A x ■ x ; electric 0-brane 

F = —2 v / a 2 +1 £abcX a dx b A efx c ; magnetic solitonic 0-brane 

Comparison of eq.s ( 3.1,12 ) with eq.s( |3.1.2| ) shows that the ansatz we adopted is indeed consis- 
tent with the 0-brane interpretation of the black-hole upon the identifications: 



(3.1.11) 



(3.1.12) 



£(r) = r 3 2 ^f_j" 1 - [H(r)} 1+ai ; electric 0-brane 

4 



i , . . ( 3 - L13 ) 



p = — , | A; ; magnetic solitonic 0-brane 



At this point we must observe that for this one-vector, one-scalar coupling there are critical 
values of the a-parameter, namely: 

y/3 => A = 4 ; C/ = -i Iogff(r) ; </> = +^log^ ; |^ = 2r 3 ^i/-2 

\p = —k 

1 ==> A = 2 ; C/ = -|logiI(r) ; </) = +logF ; <^ * 



p = -2^2k 

i 

p = —4 



2r 3 ^ 



=> A = 1 ; 17 = - log H(r) ; = 

IP = —41 K 

(3.1.14) 

The special property of these critical values of a is that for all of them we can write: 




l 



a 



V3 



A - 1 x 2 < f sl ST : { ./',, sv = | <- a = l (3.1.15) 

= I ^ a = 

This numerical coincidence hints at a relation with the number of preserved supersymmetries. 
Indeed such a relation will be verified in the context of N = 8 BPS black-hole solutions where 
the three cases of supersymmetry fractions make sense. The other important observation is 
that it is only in the case a = that our black-hole can be dyonic, namely that we can 
simultaneously assign both an electric and a magnetic part to our field strength. This is evident 
from eq.(3.1.14). In the other cases where 4>{r) is non-vanishing it cannot be simultaneously 
equal to const x log H(r) and to minus the same expression. For the value a = the 1-vector 
BPS black-hole simply coincides with the extremum Reissner-Nordstrom black-hole 

ds 2 RN = (l + ^j dt 2 - (l + ^j dx 2 (3.1.16) 

and for small values of r it is approximated by the horizon geometry: 

AdS 2 x S 2 (3.1.17) 
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that corresponds to the Bertotti-Robinson metric 

ds 2 BR = ^—r 2 dt 2 - m 2 BR - m 2 BR (sm 2 (9) d(p 2 + cZ6» 2 ) (3.1.18) 

the parameter: 

m BR = \k\ (3.1.19) 

being named the Bertotti-Robinson mass. 

Our comparison between the higher dimensional p-brane solutions and the ansatz defining 
BPS black-holes in D = 4 is now complete. By means of this comparison we have understood 
the form fl3.1,l| ) assigned to metric. It must reduce to eq.s ( |3.1.8| ), ( |3.1.9| ) when there is only 
one vector and only one scalar switched on. However, in the general case we are not allowed 
to identify directly the function U(r) with the logarithm of the harmonic function H(r) as in 
eq. (E.1.9D . This is so because there are many vector fields in the theory and to each of them we 
can associate a different charge and hence a different harmonic function. Similarly the presence 
of many scalar fields does not allow to know, a priori, whether a given field strength is 
electric, magnetic or dyonic. Correspondingly the general ansatz for is that of eq.( 3.1.2j ), 
the electric and magnetic parts having the form expected for 0-branes. 

Finally we have to discuss why the condition defining the BPS killing spinor is given by 
eq.( |3,1.5 ). This is nothing else but the transcription, on the supersymmetry parameters of the 



projection operator: 

V± B = Ul5 I l±iC ABl o) (3.1.20) 



that acts on the supersymmetry generators in the abstract description ( 1.2.9| ) 



Having illustrated the general form of the ansatz for BPS black-holes in D = 4 space-time 
dimensions, in order to proceed one needs to insert such an ansatz into 

• The second order bosonic field equations of supergravity 



The Killing spinor equations ( 3.1.6| ) that follow from the supersymmetry transformations 



rules of the fermions and are linear in the derivatives of the bosonic fields 

In this way one arrives at a coupled system of first and second order differential equations that 
depends crucially on two ingredients: 

• a) The self interaction of the scalar fields, that is on the metric gu(4>) of the scalar 
manifold of which the (jr are interpreted as coordinates 

• b) The non-minimal coupling between the scalars (j) 1 and the vector fields A A of which 
the exponential coupling exp[a^] F[ p+ 2] m * ne ac ti° n ( |2.1.1[ ) is just the simplest example. 

Indeed for all tetradimensional super gravities theories the bosonic action takes the following 
general form: 



£ = Jv=gd 4 x (ir + im N k vF^F T ^ + I 5/J (^)a^ 7 a^ J + 

-Re NhT—r==F pv F pa 
z v y 



1 gM^PO" 

+ -Re AfAr—^=F F \ (3.1.21) 
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where, as already stated, gu(4>) is the scalar metric on the m-dimensional scalar manifold 

M scalar and 

A/" A s(0) (3.1.22) 

is a complex, symmetric, n x n matrix depending on the scalar fields which we name the period 
matrix. What varies, depending on the number N of supersymmetries is 

1. The relative and total number of vectors and scalars, that is n and m 

2. The geometry gij((f>) and the isometry group G of the scalar manifold M sca i a r- 

Yet the relation between this scalar geometry and the period matrix M has a very general 
and universal form. Indeed it is related to the solution of a general problem, namely how to 
lift the action of the scalar manifold isometries from the scalar to the vector fields. Such a 
lift is necessary because of supersymmetry since scalars and vectors generically belong to the 
same supermultiplet and must rotate coherently under symmetry operations. Such a problem 
is solved by considering a deep property inherent to lagrangians of type ( |3.1.21 ): their possible 



covariance with respect to generalized electro-magnetic duality rotations. In the next section 
we address this general property and we show how enforcing covariance with respect to such 
duality rotations leads to a determination of the period matrix N. It goes without saying that 
the structure of N enters the black-hole equations in a crucial way so that, not too surprisingly, 
at the end of the day, the topological invariant associated with the hole, that is its entropy, is 
an invariant of the group of electro-magnetic duality rotations, the U-duality group. In table 



3.1 we summarize the geometries of the scalar manifolds for the various values of N. In such 
a table the symplectic embedding of these geometries is already mentioned. What this means 
will become clear by working through the next section. 



3.2 Duality Rotations and Symplectic Covariance 

In this section, relying on the motivations given above , we review the general structure of an 
abelian theory of vectors and scalars displaying covariance under a group of duality rotations. 
The basic reference is the 1981 paper by Gaillard and Zumino [25]. A general presentation in 
D = 2p dimensions was recently given in |p6| . Here we fix D = 4. 

We consider a theory of n gauge fields ^4^, in a D = 4 space-time with Lorentz signature. 
They correspond to a set of n differential 1-forms 

A A = A A dx^ (A = l,...,n) (3.2.1) 

The corresponding field strengths and their Hodge duals are defined by 

F A = dA A = T^dxP A dx v 

Fp.v = 2 ip^t ~ d v A K 
*F A = f A v dx» A dx v 

= ^W^ A|P<T (3-2-2) 
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Table 3.1: Scalar Manifolds of Extended Supergravities 



N 


# seal. 

in 
scal.m. 


# seal. 

in 
vec. m. 


# seal, 
in 

grav. m. 


# vect. 

in 
vec. m. 


# vect. 
in 

grav. m. 




•M. scalar 


1 


2 m 






n 




1 

r Sv(2n IR) 


Kahler 


2 


4 m 


2 n 




n 


1 


1 

C Sp(2n + 2, IR) 


Quaternionic <S> 
Special Kahler 


3 




6 n 




n 


3 


St/"(3,n) 
C Sp(2n + 6, M) 


SU(3,n) 
S(U(3)xU(n)) 


4 




6 n 


2 


n 


6 


5C/(1,1) ®50(6,n) 
C Sp(2n + 12, IR) 


1/(1) ® 

SO(6,n) 
SO(G)xSO(n) 


5 






10 




10 


SU(1,5) 
C Sp(20, IR) 


5C/(1,5) 
5(f/(l)xt/(5)) 


6 
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16 


SO*(12) 
C 5p(32,]R) 


SO*(12) 
£/(l)xS£/(6) 


7,8 






70 




56 


^(-7) 

C 5p(128,R) 


E 7(-7) 

SC/(8) 



3.2 DUALITY ROTATIONS AND SYMPLECTIC COVARIANCE 



31 



Defining the space-time integration volume as 

1 



d 4 x 



4! 



dx^ 1 A ... A dx^ , 



we obtain 



_p,vpo T A .r-E A r 
jiv J pa 



F A A * F S 



-IT^T^d^x 



(3.2.3) 



(3.2.4) 



In addition to the gauge fields let us also introduce a set of real scalar fields (j) 1 (1 = 1,..., m) 
spanning an m— dimensional manifold J^A. sca i ar [] endowed with a metric gu ((/>). Utilizing the 
above field content we can write the following action functional: 

{[lA^)F A A *F E + 6 A x(<P)F A A F s ] + gui^O^d^^x} , (3.2.5) 

where the scalar fields dependent n xn matrix 7ae(0) generalizes the inverse of the squared 
coupling constant appearing in ordinary gauge theories. The field dependent matrix #ae(</>) 
is instead a generalization of the theta-angle of quantum chromo dynamics. Both 7 and are 
symmetric matrices. Introducing a formal operator j that maps a field strength into its Hodge 
dual 

(3.2.6) 



(^) 



= - f tMp<? 

— 2 fc M^P CT ^ 



.\fW 



(3.2.7) 



and a formal scalar product 

n 

(G , K) = G T K = ^G^K^ 
A=i 

the total Lagrangian of eq. ( |3.2.5| ) can be rewritten as 

' (3.2.8) 
1 so that its eigenvalues are ±i. Introducing self-dual and 



C (tot) = T T ( _ 7 % t + i} jr + 1 gij{(j)) Q^I 



The operator j satisfies j 2 
antiself-dual combinations 



± 



and the field-dependent symmetric matrices 

M = 
J! = 



- 17 
+ 17 > 



(3.2.9) 



the vector part of the Lagrangian (3.2.8) can be rewritten as 



(3.2.10) 



(3.2.11) 



1 Whether the (j) 1 can be arranged into complex fields is not relevant at this level of the discussion. 
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Introducing the new tensors 



9t = ^~& = 4^ (3-2.12) 



which, in matrix notation, corresponds to 

1 dC 

jeE 2^ = _(78l "^ j)f (3,2 - 13) 

the Bianchi identities and field equations associated with the Lagrangian ( 3.2.5Q can be written 
as 



or equivalently 



= (3.2.14) 

d^ u = (3.2.15) 

dnmrff = (3.2.16) 

dnm.g±£ = . (3.2.17) 



This suggests that we introduce the 2n column vector 



JG 

and that we consider general linear transformations on such a vector 

J^V = [A B\ (jT 
jG) ' \C D) \jQ 



V = ( J ."^ ) (3.2.18) 



(3.2.19) 



A B 

For any matrix f ) G GL(2n, 1R) the new vector V' of magnetic and electric field 



C D, 

strengths satisfies the same equations ( |3.2. 15| ) as the old one. In a condensed notation we can 
write 

3V = <9V' = (3.2.20) 

Separating the self-dual and anti-self-dual parts 

F=(F++f-) ; G={g + +G-) (3.2.21) 

and taking into account that we have 

Q+ = NF + g~ = J!T~ (3.2.22) 

the duality rotation of eq. ( |3.2. 19| ) can be rewritten as 



g+ ) \c d){nf + ) \g- ) ' \c D)\jrr- 



(3.2.23) 
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The problem is that the transformation rule ( |3.2.23| ) of Q must be consistent with the defi- 
nition of the latter as variation of the Lagrangian with respect to J-^ (see eq. ( 3.2.12|) ). This 

A B 



request restricts the form of the matrix A = I ^ ^ J . As we are going to show, A must belong 
to the symplectic subgroup of the general linear group 

A " (c L)) G Sp(2n,JR) C GL(2n,M) (3.2.24) 
the subgroup Sp(2n, 1R) being defined as the set of 2n x 2n matrices that satisfy the condition 

T ( 1\ . / 1 



AeSp(2n,IR) — > A J Q )A = Q j (3.2.25) 

that is, using n (%> n block components 

A T C - C T A = B T D - D T B = A T D - C T B = 1 (3.2.26) 

To prove the statement we just made, we calculate the transformed Lagrangian £ and then 
we compare its variation with Q^' as it follows from the postulated transformation rule 
( |3.2.23 ). To perform such a calculation we rely on the following basic idea. While the duality 



rotation ( 3.2.23| ) is performed on the field strengths and on their duals, also the scalar fields are 



transformed by the action of some diffeomorphism £ 6 Diff (A4 sca i ar ) of the scalar manifold 
and, as a consequence of that, also the matrix Af changes. In other words given the scalar 
manifold A4 sca [ ar we assume that there exists a homomorphism of the form 

l 5 : Diff {Mscaiar) — ► GL(2n, K) (3.2.27) 

so that 

V £ G Diff (M sca l a r) = <t>* ^ ¥' 

3 l S (0 ^) € GL(2n,JR) (3.2.28) 

(In the sequel the suffix £ will be omitted when no confusion can arise and be reinstalled when 
necessary for clarity. ) 

Using such a homomorphism we can define the simultaneous action of £ on all the fields of 
our theory by setting 

r <t> — > m 

£ : \ V — i s (£)V (3.2.29) 



where the notation ( 3.2.18 ) has been utilized. In the gauge sector the transformed Lagrangian 
is 

C' vec = i \f~ t (A + B~N) T Jl'{A + BJ7)T- - T +T (A + BAf) T Af' (A + BN)T + ] (3.2.30) 
Consistency with the definition of Q + requires that 

Af' = Af'(£(<t>)) = (C + DAf((f))) (A + BAfty))- 1 (3.2.31) 
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while consistency with the definition of Q imposes the transformation rule 

Jt = AT' (£(</>)) = (C + Djf {<!>)) (A + Bjfi^Y 1 (3.2.32) 



It is from the transformation rules ( 3.2.3l|) and ( |3.2.32j ) that we derive a restriction on the 



form of the duality rotation matrix A = ig (£). Indeed by requiring that the transformed matrix 



M' be again symmetric one easily finds that A must obey eq. ( 3.2.25 ), namely A G Sp(2n,TR). 
Consequently the homomorphism of eq. ( 3.2.27| ) specializes as 



t s : Diff (M sca i ar ) — > Sp(2n,M) (3.2.33) 

Clearly, since Sp(2n, IR) is a finite dimensional Lie group, while Diff (M SC aiar) is infinite- 
dimensional, the homomorphism ig can never be an isomorphism. Defining the Torelli group of 
the scalar manifold as 

Diff (M sca lar) D Tor (M S calar) = ker ig (3.2.34) 

we always have 

dim Tor (M scalar) = oo (3.2.35) 



The reason why we have given the name of Torelli to the group defined by eq. (3.2.34) is because 
of its similarity with the Torelli group that occurs in algebraic geometry. 

What should be clear from the above discussion is that a family of Lagrangians as in 
eq. fT2^ ) will admit a group of duality-rotations/field-redefinitions that will map elements of 
the family into each other, as long as a kinetic matrix A/as can be constructed that transforms 
as in eq. ( |3.2,31 ). A way to obtain such an object is to identify it with the period matrix 



occurring in problems of algebraic geometry. At the level of the present discussion, however, 
this identification is by no means essential: any construction of A/as with the appropriate 
transformation properties is acceptable. Note also that so far we have used the words duality- 
rotations /field-redefinitions and not the word duality symmetry. Indeed the diffeomorphisms 
of the scalar manifold we have considered were quite general and, as such had no pretension 
to be symmetries of the action, or of the theory. Indeed the question we have answered is the 
following: what are the appropriate transformation properties of the tensor gauge fields and 
of the generalized coupling constants under diffeomorphisms of the scalar manifold? The next 
question is obviously that of duality symmetries. 

As it is the case with the difference between general covariance and isometries in the context 
of general relativity, duality symmetries correspond to the subset of duality transformations for 
which we obtain an invariance in form of the theory. In this respect, however, we have to stress 
that what is invariant in form cannot be the Lagrangian but only the set of field equations plus 
Bianchi identities. Indeed, while any A G Sp(2n, IR) can, in principle, be an invariance in form 



of eqs. (3.2.17), the same is not true for the Lagrangian. One can easily find that the vector 



kinetic part of this latter transforms as follows: 
Im^- A A7 A s^" E In#- A £ 



= Im(>- A g A + 2T~ K (C T B)* 

(C T A) A ^-^ + G A (D T B)^ g E ) (3.2.36) 
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whence we conclude that proper symmetries of the Lagrangian are to be looked for only among 
matrices with C = B = 0. IfC^O and B = 0, the Lagrangian varies through the addition of 
a topological density. Elements of Sp(2n, H) with cannot be symmetries of the classical 

action under any circumstance. 

The scalar part of the Lagrangian, on the other hand, is invariant under all those dif- 
feomorphisms of the scalar manifolds that are isometries of the scalar metric gij. Naming 

: TM. sca i ar — ► TA4 sca i ar the push-forward of £, this means that 

VX,Y E TM sca l ar 

g(X,Y) = g(ex,?Y) (3.2.37) 

and £ is an exact global symmetry of the scalar part of the Lagrangian in eq. ( ^.2.5[) . In view 
of our previous discussion these symmetries of the scalar sector are not guaranteed to admit 
an extension to symmetries of the complete action. Yet we can insist that they extend to 
symmetries of the field equations plus Bianchi identities, namely to duality symmetries in the 
sense defined above. This requires that the group of isometries of the scalar metric 1{M. S caiar) 
be suitably embedded into the duality group Sp(2n, 1R) and that the kinetic matrix Mat, satisfies 
the covariance law: 

n m)) = (c? + (A e + B^M^r 1 • (3.2.38) 



3.3 Symplectic embeddings of homogenous spaces 

A general construction of the kinetic coupling matrix J\f can be derived in the case where the 
scalar manifold is taken to be a homogeneous space Q/TC. This is what happens in all extended 
super gravities for N > 3 and also in specific instances of N=2 theories. For this reason we 
shortly review the construction of the kinetic period matrix J\f in the case of homogeneous 
spaces. 

The relevant homomorphism c (see eq. ( |3.2.33[ )) becomes: 



iff (S) ~^ S P^%^) (3.3.1) 



i s : Diff 

In particular, focusing on the isometry group of the canonical metric defined on I {% 
we must consider the embedding: 

is: Q — ► Sp(2n,M) (3.3.2) 



That in eq. ( |3.3.1 ) is a homomorphism of finite dimensional Lie groups and as such it constitutes 



a problem that can be solved in explicit form. What we just need to know is the dimension of 
the symplectic group, namely the number n of gauge fields appearing in the theory. Without 
supersymmetry the dimension m of the scalar manifold (namely the possible choices of ^) 
and the number of vectors n are unrelated so that the possibilities covered by eq. ( p.3.2 ) are 



infinitely many. In supersymmetric theories, instead, the two numbers m and n are related, so 



2 Actually, in order to be true, the equation = Q requires that that the normaliser of 7i in Q be the 

identity group, a condition that is verified in all the relevant examples 
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that there are finitely many cases to be studied corresponding to the possible embeddings of 
given groups Q into a symplectic group Sp(2n, 1R) of fixed dimension n. Actually taking into 
account further conditions on the holonomy of the scalar manifold that are also imposed by 
supersymmetry, the solution for the symplectic embedding problem is unique for all extended 
supergravities with N > 3 (see for instance |l6| ). 

Apart from the details of the specific case considered once a symplectic embedding is given 
there is a general formula one can write down for the period matrix Af that guarantees symmetry 
(Af T = Af) and the required transformation property ( |3.2.38| ). This is the result we want to 
review. 

The real symplectic group Sp(2n, IR) is defined as the set of all real 2n x 2n matrices 
A = \ „ ^ | satisfying equation ( |3.2.25| ) , namely 



C D 



A T C A 



C 



(3.3.3) 



where C 



1 

-1 



If we relax the condition that the matrix should be real but we still 



impose eq. ( [3. 3. 3D we obtain the definition of the complex symplectic group Sp(2n,<C). It is a 
well known fact that the following isomorphism is true: 



5p(2n,lR) ~ Usp(n,n) = Sp(2n,€) n U(n,n) 



(3.3.4) 



By definition an element S € Usp(n, n) is a complex matrix that satisfies simultaneously 
eq. (3.3.3) and a pseudo-unitarity condition, that is: 



where IH 



!1 

-1 



S T €S = € ; cS f H5 = H 

The general block form of the matrix 5 is: 

S -- 



(3.3.5) 



T V* 
V T* 



and eq.s ( |3.3.5| ) are equivalent to: 

T ] T -V ] V 



The isomorphism of eq. ( 3.3.4 ) is explicitly realized by the so called Cayley matrix: 



C 



1 



1 il 



via the relation: 
which yields: 

1 



- ^2 VI "il 
S = CAC- 1 



2 {A + D)--{B-C) 



V = \ (A-D)- 1 -(B + C) 



(3.3.6) 

(3.3.7) 

(3.3.8) 
(3.3.9) 

(3.3.10) 
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When we set V = we obtain the subgroup Uin) C Usp(n,n), that in the real basis is given 
by the subset of symplectic matrices of the form y ^ A ) ' ' 3as ^ c idea, to obtain the 

general formula for the period matrix, is that the symplectic embedding of the isometry group 
Q will be such that the isotropy subgroup TL C Q gets embedded into the maximal compact 
subgroup U(n), namely: 

g^Usp(n,n) ; G D TL Uin) C Usp(n,n) (3.3.11) 

If this condition is realized let L(<p) be a parametrization of the coset Q /TL by means of coset 
representatives. Relying on the symplectic embedding of eq. ( 3.3.11 ) we obtain a map: 



u 



0( 



(U (<t>) UWP) 



£ Usp(n, n) 



(3.3.12) 



that associates to L{4>) a coset representative of Usp(n,n)/U(n). By construction if <fi' ^ <f> no 
unitary n xn matrix W can exist such that: 



W) = o(<t>) 



W 

w* 



(3.3.13) 



On the other hand let £ G Q be an element of the isometry group of QjH. Via the symplectic 
embedding of eq. ( |3.3.1l|) we obtain a Usp(n, n) matrix 



such that 



stow = om)) 



\ o 







(3.3.14) 



(3.3.15) 



where £(cj>) denotes the image of the point <fi G Q /TL through £ and W(£, <f>) is a suitable U(n) 
compensator depending both on £ and 4>. Combining eq.s ( p.3.15| ), ( p.3.12[ ), with eq.s ( |3.3,1C| ) 
we immediately obtain: 



w 
w 



Ul (0) (A T + iB T ) + U\ (0) (A T - iB T 



ul 



D 1 



Setting: 



M = 



ul + u\ 



iC J 



ul - Ui 



u 



D T + iC A 



(3.3.16) 



(3.3.17) 



and using the result of eq. ( |3.3. 16 ) one checks that the transformation rule ( ^.2.38| ) is verified. 
It is also an immediate consequence of the analogue of eq.s ( |3.3.7| ) satisfied by Uq and U\ that 
the matrix in eq. ( 3 . 3 . 1 7| ) is symmetric 



(3.3.18) 



Eq. ( |3,3.17j ) is the master formula derived in 1981 by Gaillard and Zumino [25|. It explains the 
structure of the gauge field kinetic terms in all N > 3 extended supergravity theories where 
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the scalar manifold is always a homogeneous coset manifold. (See table EO]). In these cases 



the bosonic lagrangian ( 3.1.21 ) is completely fixed from the information provided by table 3J. 
The choice of the coset scalar manifold suffices to determine the scalar kinetic term, while the 
choice of the symplectic embedding plus the use of the master formula ( |3.3.17 ) determines the 



period matrix A/as- In the case of N = 2 supergravity the scalar manifold is not necessarily a 
coset manifold. The requirement imposed by supersymmetry is that: 

•M scalar = Special Kahler manifold SM. (3.3.19) 

and for this class of manifolds there exists another formula that determines the period matrix 
J\f. In the next section we shall discuss Special Kahler Geometry and derive such a formula. 
In the class of special Kahler manifolds there is a subclass that is composed of homogeneous 
cosets G/7i. For this subclass the construction of the period matrix through the relations of 
special geometry and the construction through the Gaillard-Zumino master formula ( |3.3.17| ) 
coincide. 

In the next subsection we pause to illustrate the master formula ( 3.3. 17| ) with an example 
that is of particular relevance in all superstring related supergravities. 

3.3.1 Symplectic embedding of the ST[m,n] homogeneous manifolds 

Because of their relevance in superstring compactifications let us illustrate the general procedure 
with the following class of homogeneous manifolds: 

ffH ,M 8 ^L (3 . 3 . 20 ) 

(7(1) SU(m) (g) SO{n) 

The isometry group of the ST [m, n] manifolds defined in eq. (|3.3.20[ ) contains a factor (SU (1, 1)) 
whose transformations act as non-perturbative ^-dualities and another factor (SO(m,n)) 
whose transformations act as T-dualities, holding true at each order in string perturbation 
theory. The field S is obtained by combining together the dilaton D and the axion A: 

S = „4-iexp[L>] 
d»A = e^ vp(T d v B pa (3.3.21) 

while t l is the name usually given to the moduli-fields of the compactified target space. Now 
in string and supergravity applications S will be identified with the complex coordinate on 
the manifold ^ny^ , while t l will be the coordinates of the coset space so{m)®so(n) • ^ ne case 
ST[6, n] is the scalar manifold in N = 4 supergravity, while the case ST[2, n] is a very interesting 
instance of special Kahler manifold appearing in superstring compactifications. Although as 
differentiable and metric manifolds the spaces ST [m, n] are just direct products of two factors 
(corresponding to the above mentioned different physical interpretation of the coordinates S 
and t l ), from the point of view of the symplectic embedding and duality rotations they have 
to be regarded as a single entity. This is even more evident in the case m = 2, n = arbitrary, 
where the following theorem has been proven by Ferrara and Van Proeyen [^]: ST[2,n] are 
the only special Kahler manifolds with a direct product structure. The definition of special 
Kahler manifolds is given in the next section, yet the anticipation of this result should make 
clear that the special Kahler structure (encoding the duality rotations in the N = 2 case) is not 
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a property of the individual factors but of the product as a whole. Neither factor is by itself a 
special manifold although the product is. 

At this point comes the question of the correct symplectic embedding. Such a question has 
two aspects: 

1. Intrinsically inequivalent embeddings 

2. Symplectically equivalent embeddings that become inequivalent after gauging 

The first issue in the above list is group-theoretical in nature. When we say that the group Q is 
embedded into Sp(2n, IR) we must specify how this is done from the point of view of irreducible 
representations. Group-theoretically the matter is settled by specifying how the fundamental 
representation of Sp(2n) splits into irreducible representations of Q: 

2n-^©f =1 Di (3.3.22) 



Once eq. ( 3.3.22 ) is given (in supersymmetric theories such information is provided by super- 
symmetry ) the only arbitrariness which is left is that of conjugation by arbitrary Sp(2n, IR) 
matrices. Suppose we have determined an embedding is that obeys the law in eq. (|3.3.22j ), 
then: 

VcS G 5p(2n,M) : i! s = S o l s o S' 1 (3.3.23) 



will obey the same law. That in eq. (|3.3.23|) is a symplectic transformation that corresponds 



to an allowed duality-rotation/field-redefinition in the abelian theory of type in eq. ( |3.2.5| ) 
discussed in the previous subsection. Therefore all abelian Lagrangians related by such trans- 
formations are physically equivalent. 

The matter changes in presence of gauging. When we switch on the gauge coupling constant 
and the electric charges, symplectic transformations cease to yield physically equivalent theories. 
This is the second issue in the above list. The choice of a symplectic gauge becomes physically 
significant. The construction of supergravity theories proceeds in two steps. In the first step, 
one constructs the abelian theory: at that level the only relevant constraint is that encoded 
in eq. ( |3.3,22| ) and the choice of a symplectic gauge is immaterial. Actually one can write the 
entire theory in such a way that symplectic covariance is manifest. In the second step one 
gauges the theory. This breaks symplectic covariance and the choice of the correct symplectic 
gauge becomes a physical issue. This issue has been recently emphasized by the results in |29|] 
where it has been shown that whether N=2 supersymmetry can be spontaneously broken to 
N=l or not depends on the symplectic gauge. 

In the applications of supergravity to the issue of BPS black-holes what matters is the 
abelian ungauged theory, so we will not further emphasize the aspects of the theory related to 
the gauging. 

These facts being cleared we proceed to discuss the symplectic embedding of the ST [m, n] 
manifolds. 

Let n be the symmetric flat metric with signature (m, n) that defines the SO(m,n) group, 
via the relation 

L G SO(m,n) L T ' r,L = r] (3.3.24) 

Both in the N = 4 and in the N = 2 theory, the number of gauge fields in the theory is given 
by: 

^vector fields = m © n (3.3.25) 
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m being the number of graviphotons and n the number of vector multiplets. Hence we have to 
embed SO(m, n) into Sp(2m + 2n, IR) and the explicit form of the decomposition in eq. ( |3.3.22j ) 
required by supersymmetry is: 

SOira n) 

2m+2n -^4 m + n©m + n (3.3.26) 



where m + n denotes the fundamental representation of SO(m,n). Eq. ( 3.3.26| ) is easily un 



derstood in physical terms. SO(m,n) must be a T-duality group, namely a symmetry holding 
true order by order in perturbation theory. As such it must rotate electric field strengths into 
electric field strengths and magnetic field strengths into magnetic field field strengths. The 
two irreducible representations into which the fundamental representation of the symplectic 
group decomposes when reduced to SO(m,n) correspond precisely to electric and magnetic 
sectors, respectively. In the simplest gauge the symplectic embedding satisfying eq. ( |3.3.26] ) is 
block-diagonal and takes the form: 

VLe SO(m,n) ^ . J, ^ G Sp(2m + 2n,M) (3.3.27) 



o (L^y 

Consider instead the group SU(1,1) ~ <SX(2,IR). This is the factor in the isometry group 
of ST[m, n] that is going to act by means of S-duality non perturbative rotations. Typically 
it will rotate each electric field strength into its homologous magnetic one. Correspondingly 
supersymmetry implies that its embedding into the symplectic group must satisfy the following 
condition: 

2m + 2n Si -^ E) ©™+ n 2 (3.3.28) 

where 2 denotes the fundamental representation of 5L(2,H). In addition it must commute 
with the embedding of SO(m,n) in eq. ( 3.3.27| ) . Both conditions are fulfilled by setting: 



V [I I) € SL(2,U) Z ) G ,s>(2m-2n.lR) CU.29) 



Utilizing eq.s (3.3.9) the corresponding embeddings into the group Usp(m + n,m + n) are 



immediately derived: 



n) 



V 



,L,SO (m ,n) i (|<^2J f<^>) eus p(m + n, m + 

t v*\ nTT ,^ lN os ( Retl + ilmtr? Reul — ilmvr>\ TT , . 
v 517(1,1) - Ue^l + ilm^ Retl - iLmtrj ) G Us P( m + n,m + n) 



(3.3.30) 

where the relation between the entries of the 5f7(l, 1) matrix and those of the corresponding 



SL(2, IR) matrix are provided by the relation in eq. ( 3.3.10 ). 

Equipped with these relations we can proceed to derive the explicit form of the period matrix 

M. 

The homogeneous manifold SU(1,1)/U(1) can be conveniently parametrized in terms of 
a single complex coordinate 5, whose physical interpretation will be that of axion-dilaton, 
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according to eq. ( |3.3.21| ) . The coset parametrization appropriate for comparison with other 
constructions (special geometry or N = 4 supergravity) is given by the family of matrices: 



i-S 



i-S 



To parametrize the coset SO(m,n)/SO(m) x SO(n) we can instead take the usual coset rep- 
resentatives (see for instance pT 




L(X) = | V ' /2 ] (3.3.32) 

where the m x n real matrix X provides a set of independent coordinates. Inserting these 
matrices into the embedding formulae of eq.s ( |3.3.30| ) we obtain a matrix: 

t s (M(S))oc s (L(X)) = (u%]x] uf(S,X)) G Usp(n + m,n + m) (3.3.33) 
that inserted into the master formula of eq. ( |3.3.17f ) yields the following result: 

M = ilmSr]L(X)L T (X)r] + ReSr] (3.3.34) 

Alternatively, remarking that if L(X) is an SO(m,n) matrix also L(X)' = r]L(X)r] is such a 
matrix and represents the same equivalence class, we can rewrite ( |3.3.34 ) in the simpler form: 

M = ilmS L(X)'L T '(X) +ReS7] (3.3.35) 



3.4 Special Kahler Geometry 

As already stressed, in the case of N = 2 supergravity the requirements imposed by supersym- 
metry on the scalar manifold Mscaiar of the theory is that it should be the following direct 
product: 

M scalar = SM ® HM 
dime SM. = n v 
dim R HM = 4n h 

(3.4.1) 

where SM, HM. are respectively special Kahler and quaternionic and n v , are respectively 
the number of vector multiplets and hypermultiplets contained in the theory. The direct product 



structure ( 3.4.1 ) imposed by supersymmetry precisely reflects the fact that the quaternionic and 
special Kahler scalars belong to different supermultiplets. In the construction of BPS black- 
holes it turns out that the hyperscalars are spectators playing no dynamical role. Hence in this 
set of lectures we do not discuss the hypermultiplets any further and we confine our attention 
to an N = 2 supergravity where the graviton multiplet, containing, besides the graviton g^ u , 
also a graviphoton A , is coupled to n v = n vector multiplets. Such a theory has an action of 
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type ( |3.1.2ip where the number of gauge fields is n = 1 + n and the number of scalar fields is 
m = 2n. Correspondingly the indices have the following ranges 

A,S,r,... = 0,1,... ,n 
I,I,K = l,...,2n 

(3.4.2) 



To make the action ( 3.1. 21[) fully explicit, we need to discuss the geometry of the vector mul- 



tiplets scalars, namely special Kahler geometry. This is what we do in the next subsections. 
Let us begin by reviewing the notions of Kahler and Hodge-Kahler manifolds. The readers 
interested in the full-fledged structure of N = 2 supergravity can read [27 which contains its 
most general formulation and explains all the details of its construction. 

3.4.1 Hodge— Kahler manifolds 

Consider a line bundle C^-^M. over a Kahler manifold. By definition this is a holomorphic 
vector bundle of rank r = 1. For such bundles the only available Chern class is the first: 

* ^ / , _i ~ . \ i 



ci(£) = — d [h- L dh )= — ddlogh (3.4.3) 
2ir v / 2ir 

where the 1-component real function h(z,z) is some hermitian fibre metric on C Let f{z) be a 
holomorphic section of the line bundle L: noting that under the action of the operator dd the 
term log ($(z) £,(z)j yields a vanishing contribution, we conclude that the formula in eq. ( 3.4.3; ) 
for the first Chern class can be re-expressed as follows: 

ci{C) = T^ddlog || e(z) || 2 (3.4.4) 

where || £(z) \\ 2 = h(z,z) £(z) £(z) denotes the norm of the holomorphic section £(z). 

Eq. ( |3.4.4[ ) is the starting point for the definition of Hodge Kahler manifolds, an essential 
notion in supergravity theory. 

A Kahler manifold M is a Hodge manifold if and only if there exists a line bundle C — ► M 
such that its first Chern class equals the cohomology class of the Kahler 2-form K: 

ci(£) = [K] (3.4.5) 

In local terms this means that there is a holomorphic section H^z) such that we can write 

K = ^ga+dz 1 A dz j * = ^-ddlog \\ W(z) || 2 (3.4.6) 
2ir 2tt 

Recalling the local expression of the Kahler metric in terms of the Kahler potential gij* = 



di dj*JC(z,z), it follows from eq. (3.4.6) that if the manifold Ai is a Hodge manifold, then the 
exponential of the Kahler potential can be interpreted as the metric h(z,z) = exp (IC(z,z)) on 
an appropriate line bundle C. 

This structure is precisely that advocated by the Lagrangian of N = 1 matter coupled 
supergravity: the holomorphic section W^z) of the line bundle C is what, in N=l supergravity 
theory, is named the superpotential and the logarithm of its norm log || iy(z) || 2 = K(z,z) + 
log | W(z) | 2 = G(z,z) is precisely the invariant function in terms of which one writes the 



potential and Yukawa coupling terms of the supergravity action (see [21] and for a review ]16|). 



3.4 SPECIAL KAHLER GEOMETRY 



43 



3.4.2 Special Kahler Manifolds: general discussion 

There are in fact two kinds of special Kahler geometry: the local and the rigid one. The 
former describes the scalar field sector of vector multiplets in N = 2 supergravity while the 
latter describes the same sector in rigid N = 2 Yang-Mills theories. Since N = 2 includes 
N = 1 supersymmetry, local and rigid special Kahler manifolds must be compatible with the 
geometric structures that are respectively enforced by local and rigid N = 1 supersymmetry 
in the scalar sector. The distinction between the two cases deals with the first Chern-class of 
the line-bundle C — >M, whose sections are the possible superpotentials. In the local theory 
ci(C) = [K] and this restricts M to be a Hodge-Kahler manifold. In the rigid theory, instead, 
we have c\(C) = 0. At the level of the Lagrangian this reflects into a different behaviour of 
the fermion fields. These latter are sections of C 1 ^ 2 and couple to the canonical hermitian 
connection defined on £: 

9 = h- 1 dh = \d i hdz i ; = h- 1 dh = ±d i *hdz i * (3.4.7) 

In the local case where 

~de] = Cl (C) = [K] (3.4.8) 
the fibre metric h can be identified with the exponential of the Kahler potential and we obtain: 

9 = dK = d i Kdz i ; = 8K = d i *Kdz i * (3.4.9) 

In the rigid case, C is instead a flat bundle and its metric is unrelated to the Kahler potential. 
Actually one can choose a vanishing connection: 

6 = 9 = (3.4.10) 

The distinction between rigid and local special manifolds is the N = 2 generalization of this 
difference occurring at the N = 1 level. 

In these lectures, since we are interested in BPS black-holes and therefore in supergravity, 
we discuss only the case of local special geometry, leaving aside the rigid case that is relevant 



for N = 2 gauge theories. The interested reader can find further details in [26| or in [27] which 
contain also all the references to the original papers on special geometry. 

In the N = 2 case, in addition to the line-bundle C we need a flat holomorphic vector bundle 
SV — > M whose sections can be identified with the superspace fermi-fermi components of 
electric and magnetic field-strengths. In this way, according to the discussion of previous 
sections the diffeomorphisms of the scalar manifolds will be lifted to produce an action on 
the gauge-field strengths as well. In a supersymmetric theory where scalars and gauge fields 
belong to the same multiplet this is a mandatory condition. However this symplectic bundle 
structure must be made compatible with the line-bundle structure already requested by N = 1 
supersymmetry. This leads to the existence of two kinds of special geometry. Another essential 
distinction between the two kind of geometries arises from the different number of vector fields 
in the theory. In the rigid case this number equals that of the vector multiplets so that 

# vector fields = n = n 
# vector multiplets = n = dime M. 

rankSV = 2n = 2n (3.4.11) 
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On the other hand, in the local case, in addition to the vector fields arising from the vector 
multiplets we have also the graviphoton coming from the graviton multiplet. Hence we conclude: 

# vector fields = n = n + 1 
# vector multiplets = n = dime M 

rankcSV = 2n = 2n + 2 (3.4.12) 

In the sequel we make extensive use of covariant derivatives with respect to the canonical 
connection of the line-bundle C Let us review its normalization. As it is well known there 
exists a correspondence between line-bundles and £/(l)-bundles. If exp[f a p(z)] is the transition 
function between two local trivializations of the line-bundle C — * M, the transition function 
in the corresponding principal {/(l)-bundle U — ► A4 is just exp[ilmf a /3(z)] and the Kahler 
potentials in two different charts are related by: 

}Cf3 = }C a + f al3 +J al3 (3.4.13) 

At the level of connections this correspondence is formulated by setting: 

J7(l)-connection = Q = IxaB = ~ (o - t) (3.4.14) 

If we apply the above formula to the case of the £/(l)— bundle U — * M associated with the 
line-bundle C whose first Chern class equals the Kahler class, we get: 

Q = -i (dilCdz 1 - di+lCdz 4 *) (3.4.15) 

Let now $>(z,z) be a section of UP . By definition its covariant derivative is 

V$ = (d + ipQ)$ (3.4.16) 

or, in components, 

Vi$ = {di + lpdiK)® ; Vi.$ = (di* - \pdi*K)$ (3.4.17) 

A covariantly holomorphic section of IA is defined by the equation: Vj*^ = 0. We can easily 
map each section &(z,z) oiU p into a section of the line-bundle C by setting: 

$ = e - plc/2 $. (3.4.18) 

With this position we obtain: 

Vi$ = (di+pdiK)® ; Vi*$ = (3.4.19) 

Under the map of eq. ( |3.4.18j ) covariantly holomorphic sections of U flow into holomorphic 
sections of C and viceversa. 



3.4 SPECIAL KAHLER GEOMETRY 



45 



3.4.3 Special Kahler manifolds: the local case 

We are now ready to give the definition of local special Kahler manifolds and illustrate their 
properties. A first definition that does not make direct reference to the symplectic bundle is 
the following: 

Definition 3.4.1 A Hodge Kahler manifold is Special Kahler (of the local type) if there 
exists a completely symmetric holomorphic 3-index section Wijk °f (T*Ai) s (g) C 2 (and its an- 
tiholomorphic conjugate Wi*j* k * ) such that the following identity is satisfied by the Riemann 
tensor of the Levi-Civita connection: 

dm*Wijk = d m Wi*j*k*=0 
^[■mWi]jk = V[ m Wi.] J -.fc. = 

T^i*jt*k = 9e*j9ki* + 9e*k9ji* ~ e 2IC W i * e * s *W tkj g sH (3.4.20) 



In the above equations V denotes the covariant derivative with respect to both the Levi-Civita 
and the U(l) holomorphic connection of eq. ( |3.4.15| ). In the case of Wijk, the U(l) weight is 
p = 2. 

The holomorphic sections W^k have two different physical interpretations in the case that 
the special manifold is utilized as scalar manifold in an N=l or N=2 theory. In the first case 



they correspond to the Yukawa couplings of Fermi families [22]. In the second case they provide 
the coefficients for the anomalous magnetic moments of the gauginos, since they appear in the 
Pauli-terms of the N = 2 effective action. Out of the Wijk we can construct covariantly 
holomorphic sections of weight 2 and - 2 by setting: 

C ijk = Wi jk e K ■ Ci*j* k * = Wi*j* k *e K (3.4.21) 

Next we can give the second more intrinsic definition that relies on the notion of the flat 
symplectic bundle. Let C — * A4 denote the complex line bundle whose first Chern class 
equals the Kahler form K of an n-dimensional Hodge-Kahler manifold «M. Let SV — > Ai 
denote a holomorphic flat vector bundle of rank 2n + 2 with structural group Sp(2n + 2,IR). 
Consider tensor bundles of the type TL = SV (g> C. A typical holomorphic section of such a 
bundle will be denoted by and will have the following structure: 



n = A,S = 0,1,... ,n (3.4.22) 




By definition the transition functions between two local trivializations Ui <Z M. and Uj C M. of 
the bundle TL have the following form: 



e^Miji (3.4.23) 





where fij are holomorphic maps f7j D Uj — > C while My is a constant Sp(2n + 2, IR) matrix. 
For a consistent definition of the bundle the transition functions are obviously subject to the 
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cocycle condition on a triple overlap: 



MijMjkMki 

I. el i{ | ) be the compatible hermitian metric on TL 



i(n\n) 



-ifl 1 



1 

-1 



n 



(3.4.24) 



(3.4.25) 



Definition 3.4.2 We say that a Hodge-Kdhler manifold M. is special Kahler of the local 
type if there exists a bundle TL of the type described above such that for some section Q G 
T(TL, M.) the Kahler two form is given by: 



(3.4.26) 



From the point of view of local properties, eq. ( 3.4.26j ) implies that we have an expression for 
the Kahler potential in terms of the holomorphic section 



JC = -log(i(0|0) 



-log i (X A F A - F S X S 



(3.4.27) 



The relation between the two definitions of special manifolds is obtained by introducing a non 
holomorphic section of the bundle TL according to: 



V 



L A 



Fx 



(3.4.28) 



so that eq. ( [3,4.27| ) becomes: 

1 = i(V\V) = i (l A M A - I S L E ) (3.4.29) 
Since V is related to a holomorphic section by eq. (3.4.28) it immediately follows that: 



1 



di*K) V 



On the other hand, from eq. ( |3.4.29 ), defining: 



it follows that: 



Ut = V,V =[di + Idiic] v=( ^ 



ViU 3 =iC ijk g ke * U t 



(3.4.30) 



(3.4.31) 



(3.4.32) 



where Vj denotes the covariant derivative containing both the Levi-Civita connection on the 
bundle TM and the canonical connection 9 on the line bundle C In eq. ( 3.4.32j ) the symbol 
Cijk denotes a covariantly holomorphic ( VpCijk = 0) section of the bundle TA4 3 (£> C? that 
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is totally symmetric in its indices. This tensor can be identified with the tensor of eq. ( |3.4.21| ) 
appearing in eq. ( |3.4.20| ). Alternatively, the set of differential equations: 



Ui 



(3.4.33) 
(3.4.34) 
(3.4.35) 
(3.4.36) 



with V satisfying eq.s ( |3.4.28] ), ( |3.4.29| ) give yet another definition of special geometry. This 
is actually what one obtains from the N = 2 solution of superspace Bianchi identities. In 
particular it is easy to find eq. ( |3.4.20| ) as integrability conditions of ( |3.4.36 ) The period matrix 
is now introduced via the relations: 



M A = A7 A2 L 



h 



AW/ 



(3.4.37) 



which can be solved introducing the two (n + 1) X (n + 1) vectors 



ff 



ft 



(3.4.38) 



and setting: 



A7 



AS 



(3.4.39) 



As a consequence of its definition the matrix N transforms, under diffeomorphisms of the 
base Kahler manifold exactly as it is requested by the rule in eq. (|]23|). Indeed this is the 
very reason why the structure of special geometry has been introduced. The existence of the 
symplectic bundle 7i — ► A4 is required in order to be able to pull-back the action of the 
diffeomorphisms on the field strengths and to construct the kinetic matrix A/ - . 

From the previous formulae it is easy to derive a set of useful relations among which we 



quote the following p3[ : 



ImA/A E L A L E 

(V,Ui) 



U 



AS 



9ij* 



1 

~2 
(V,U, 
1 







2 (ImA0- 1|AS 
-i{U i \U j *) = -2tflmAf As ff* ; 
( ViUj \U k ) = ftdjNhT,fk = W ~ AOas/M-/, 



'iJk 



(3.4.40) 
(3.4.41) 
(3.4.42) 

(3.4.43) 
(3.4.44) 



In particular eq.s (3.4.44) express the Kahler metric and the anomalous magnetic moments in 
terms of symplectic invariants. It is clear from our discussion that nowhere we have assumed 
the base Kahler manifold to be a homogeneous space. So, in general, special manifolds are not 
homogeneous spaces. Yet there is a subclass of homogenous special manifolds. The homoge- 



neous symmetric ones were classified by Cremmer and Van Proeyen in [24| and are displayed 
in table O. 
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Table 3.2: Homogeneous Symmetric Special Manifolds 



n 


Lt / rl 


opyzn -f- z j 


symp rep of G 


1 


5(7(1,1) 
1/(1) 


Sp(4) 


4 


n 


SU(l,n) 
SU(n)xU(l) 


S*p(2n + 2) 


n + 1 © n + 1 


n + 1 


SU(1,1) SO(2,n) 
(7(1) W S'0(2)x50(n) 


5p(2n + 4) 


2® (n + 2©n + 2) 


6 


Sp(6,R) 
5(7(3) x (7(1) 


Sp(14) 


14 


9 


5(7(3,3) 
5((7(3)xt/(3)) 


Sp(20) 


20 


15 


SO*(12) 
5(7(6) x 1/(1) 


Sp(32) 


32 


27 


S 7 (-6) 

£ 6 x50(2) 


Sp(56) 


56 
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It goes without saying that for homogeneous special manifolds the two constructions of the 
period matrix, that provided by the master formula in eq. ( 3.3.17 ) and that given by eq. ( |3,4,39| ) 



must agree. In subsection |3.4.5 we verify it in the case of the manifolds ST [2, n] that correspond 



to the second infinite family of homogeneous special manifolds displayed in table |3.2 , 

Anyhow, since special geometry guarantees the existence of a kinetic period matrix with the 
correct covariance property it is evident that to each special manifold we can associate a duality 



covariant bosonic Lagrangian of the type considered in eq. ( 3.2.5| ). However special geometry 



contains more structures than just the period matrix M and the scalar metric g%j*. All the 
other items of the construction do have a place and play an essential role in the supergravity 
Lagrangian and the supersymmetry transformation rules. We shall have to manipulate them 
also in discussing the BPS black-holes. 

3.4.4 Special Kahler manifolds: the issue of special coordinates 

So far no privileged coordinate system has been chosen on the base Kahler manifold M and no 
mention has been made of the holomorphic prepotential F(X) that is ubiquitous in the N = 2 
literature. The simultaneous avoidance of privileged coordinates and of the prepotential is not 
accidental. Indeed, when the definition of special Kahler manifolds is given in intrinsic terms, 
as we did in the previous subsection, the holomorphic prepotential F(X) can be dispensed of. 
Whether a prepotential F{X) exists or not depends on the choice of a symplectic gauge which 
is immaterial in the abelian theory but not in the gauged one. Actually, in the local case, 
it appears that some physically interesting cases are precisely instances where F(X) does not 
exist. On the contrary the prepotential F(X) seems to be a necessary ingredient in the tensor 
calculus constructions of N = 2 theories that for this reason are not completely general. This 
happens because tensor calculus uses special coordinates from the very start. Let us then see 
how the notion of F(X) emerges if we resort to special coordinate systems. 

Note that under a Kahler transformation JC — > K, + f(z) + f(z) the holomorphic section 
transforms, in the local SI — * Qe * , so that we have X A -» X A e~ f . This means 

that, at least locally, the upper half of f2 (associated with the electric field strengths) can be 
regarded as a set X A of homogeneous coordinates on M, provided that the jacobian matrix 




; a = l,...,n (3.4.45) 
is invertible. In this case, for the lower part of the symplectic section f2 we obtain F\ = F\(X). 



Recalling eq.s ( 3.4.41 ), in particular: 

= ( V | Ui > = X A d.FA - 3iX A F A (3.4.46) 

we obtain: 

X s a s F A (x) = F A (X) (3.4.47) 

so that we can conclude: 

FaW = ^a F ( X ) ( 3 - 4 - 48 ) 

where F(X) is a homogeneous function of degree 2 of the homogeneous coordinates X A . There- 
fore, when the determinant of the Jacobian (3.4.45) is non vanishing, we can use the special 
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coordinates: 

t 1 = fo ( 3 - 4 - 49 ) 
and the whole geometric structure can be derived by a single holomorphic prepotential: 

T(t) = (X°y 2 F(X) (3.4.50) 

In particular, eq.( 3.4.27| ) for the Kahler potential becomes 



K(t, t) = -log i [2 - t) - (djF + di*F) (V - t v 



while eq.(3.4.44) for the magnetic moments simplifies into 

W IJK = didjd K T(t) 



(3.4.51) 



(3.4.52) 



Finally we note that in the rigid case the Jacobian from a generic parametrization to special 
coordinates 



4 (z) = di 



a + bU 



(3.4.53) 



cannot have zero eigenvalues, and therefore the function F always exist. In this case the matrix 
77 coincides with g X j . 

3.4.5 The special geometry of the ST[2,n) manifolds 

When we studied the symplectic embeddings of the ST[m, n] manifolds, defined by eq.( |3.3.20| ), 
a study that lead us to the general formula in eq.( 3.3.35| ), we remarked that the subclass ST[2, n] 
constitutes a family of special Kahler manifolds: actually a quite relevant one. Here we survey 
the special geometry of this class. 

Consider a standard parametrization of the SO(2, n)/SO{2) x SO{n) manifold, like for 
instance that in eq.( 3.3.32 ). In the m = 2 case we can introduce a canonical complex structure 
on the manifold by setting: 



<S>\X) ^ -L (L\+iL\ 



(A = 0,1, a a = 2, ...,n + l) 



(3.4.54) 



The relations satisfied by the upper two rows of the coset representative (consequence of L(X) 
being pseudo-orthogonal with respect to metric t/ae = diag(+, +,—,..., — )): 



L\L\ mj] = 1 ; L a L s 1?? as 
can be summarized into the complex equations: 







L A li>AE = 1 



*Nas = 



Eq.s ( 3.4.56|) are solved by posing: 



X J 



A^X^as 



(3.4.55) 



(3.4.56) 



(3.4.57) 
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where X A denotes any set of complex parameters, determined up to an overall multiplicative 
constant and satisfying the constraint: 

X a X e t/ A £ = (3.4.58) 

In this way we have proved the identification, as differentiable manifolds, of the coset space 
G/H where G = SO(2,n) and H = SO (2) x SO(n) with the vanishing locus of the quadric in 
eq. fl3.4,5£| ). Taking any holomorphic solution of eq. fl3.4.58| ), for instance: 

1/2 (1+y 2 ) 

X A (y) = | i/2(l-y 2 ) | (3.4.59) 

y a 



where y a is a set of n independent complex coordinates, inserting it into eq.(3.4.57) and com- 
paring with eq. Q3.454Q we obtain the relation between whatever coordinates we had previously 
used to write the coset representative L{X) and the complex coordinates y a . In other words we 
can regard the matrix L as a function of the y a that are named the Calabi Visentini coordinates 

@- 

Consider in addition the axion-dilaton field S that parametrizes the SU(1,1)/U(1) coset 
according with eq. fl3.3.3l] ). The special geometry of the manifold ST[2, n] is completely specified 
by writing the holomorphic symplectic section Q as follows ( f^Q : 



^ - (£) - LfX) (3A60) 

Notice that with the above choice, it is not possible to describe F\ as derivatives of any prepo- 
tential. Yet everything else can be calculated utilizing the formulae we presented in the text. 
The Kahler potential is: 

K = K x {S)+K 2 {y) = -log [i(5-5)] - \ogX T r]X (3.4.61) 

The Kahler metric is block diagonal: 

V 9ab J { 9 a b(y) = da^l 

as expected. The anomalous magnetic moments- Yukawa couplings Cijk (i = S, a) have a very 
simple expression in the chosen coordinates: 



Csab = -exp[/C] 5 ab , (3.4.63) 



all the other components being zero. 



Using the definition of the period matrix given in eq.( 3.4.39| ) we obtain 

A/as = (S -S) XaX 1 + * aX * +SVAZ- (3.4.64) 

X T]X 
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In order to see that eq.( p.4.64|) ju st coincides with eq.( p.3.35| ) it suffices to note that as a 
consequence of its definition Q3.4.54]) and of the pseudo-orthogonality of the coset representative 
L(X), the vector $ A satisfies the following identity: 



^L\L\ (5 



(3.4.65) 



Inserting eq.( p.4,65| ) into eq.( 3.4.64 ), formula ( 3.3.35| ) is retrieved. 

This completes the proof that the choice (|3.4.60[ ) of the special geometry holomorphic section 
corresponds to the symplectic embedding ( p. 3. 27 ) and Q3.3.29| ) of the coset manifold ST[2,n]. 
In this symplectic gauge the symplectic transformations of the isometry group are the simplest 
possible ones and the entire group SO(2, n) is represented by means of classical transformations 
that do not mix electric fields with magnetic fields. The disadvantage of this basis, if any, is 
that there is no holomorphic prepotential. To find an F(X) it suffices to make a symplectic 
rotation to a different basis. 

If we set: 



X a = y a 

x a=n = y n 



\{i-m 3 t l ti) 



t 2+a a 



l,...,n- 1 



-(1 + THiM) 



(3.4.66) 



where 



rjij = diag (+, 



-) i,3 



,n+ 1 



(3.4.67) 



then we can show that 3 C G Sp(2n + 2, IR) such that: 



X A 

s^x 1 



exp[<p(t)] 



2T 



1 
S 



d -77 
dt iJ ~ 



(3.4.68) 



with 



dux 



U.UK 



-SriijW = ^d IJK t 1 t J t 
S 

dijk = Vij 
otherwise 



(3.4.69) 



and 



(3.4.70) 
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This means that in the new basis the symplectic holomorphic section C£l can be derived from 
the following cubic prepotential: 



1 d IJK X I X J X K 
F{X) = 3! X, 



(3.4.71) 



For instance in the case n = 1 the matrix which does such a job is: 



/ 1 




_1 

2 

V o 






-1 







-1 
1 

i 




_! 

2 





o \ 
1 






o / 



(3.4.72) 



3.5 The bosonic lagrangian and the super symmetry transfor- 
mation rules of N=2 supergravity 

Using special Kahler geometry as described in the previous section we can now write both the 
bosonic action and the supersymmetry transformation rules of the fermions pertaining to N = 2 
supergravity, namely the ingredients needed to write down the equations defining N=2 BPS 
black-holes. 

In the complex notation appropriate to special geometry and using the definitions ( 3.2.9Q 
the action can be written as follows 

+ i (aTae^V- 5 ^ _ Af A ^+ A T + ^ v ) 1 (3.5.1) 



The fermion fields of the theory are of two kinds: 

1. The gravitino ipA^ 

2. The gaugino X lA 

The gravitino i/jau is an 577(2) doublet (A = 1,2) of spin 3/2 spinor- vectors. Here the group 
577(2) is the automorphism group of the N = 2 supersymmetry algebra, usually called R- 



symmetry. Following the conventions of |16| and [27], the position of the 577(2) index, whether 
upper or lower, is related to the chirality projection on the fields. For the gravitino doublet we 
have left chirality: 

75 ipA^ = ipAn (3.5.2) 

The complex conjugate doublet, transforming under the conjugate representation of SU (2) 
contains the right chirality projection of the same Majorana field: 

75< = -< (3.5.3) 
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On the other hand the gauginos X tA , are 577(2) doublets of spin 1/2 fields that carry also 
a contravariant world- index of the special Kahler manifold. In other words the gauginos, in 
addition to being sections of the spin-bundle on space-time are also sections of the holomorphic 
tangent bundle TSAi. The chirality of the gaugino with upper SU(2) doublet index is left: 

75 \ iA = \ iA (3.5.4) 

The right chirality projection A^ = —75 A^ transforms under SU(2) in the same way as the 
left-projection of the gravitino but it is a section of the antiholomorphic tangent bundle TSM. 

Correspondingly in a purely bosonic background the supersymmetry transformation rules 
of the fermion fields are the following ones: 

S*a» = V^a +e AB T~ 7 »e B (3.5.5) 



5X iA = iV^z i ^e A + G-^ u e B e AB (3.5.6) 



where the local supersymmetry parameter is also split into chirality projections transforming 
in the doublet or conjugate doublet representation of SU(2): 



75 e A = e A ; 75 e A = -e A (3.5.7) 



and where we have defined: 



T~ = 2i(ImAA) AE L E F M A - (3.5.8) 

T+ = 2i (Im AT) as T^F^v (3-5.9) 

G% = ~9 ij %(lraM) rA F^- (3.5.10) 

= -/V[(ImAA) rA F M A + (3.5.11) 

The scalar field dependent combinations of fields strengths appearing in the fermion supersym- 
metry transformation rules that we listed above in eq.s ( |3 . 5 . 8| ) ( [3^. 5 . 9| ) , ( pT5TT0 ) , ( 3 . 5 . 1 1| ) have a 



profound meaning and play a key role in the physics of BPS black-holes. The combination T~ v 
is named the graviphoton field strength and its integral over a 2-sphere at infinity gives the 
value of the central charge Z of the N = 2 supersymmetry algebra. The combination is 
named the matter field strength. Evaluating its integral on a 2-sphere at infinity one obtains 
the so called matter charges Z l . These are the covariant derivatives of the central charge Z 
with respect to the moduli, namely the vector multiplet scalars z l . 

This will become clear in our general discussion of the N = 2 BPS black holes that we are 
finally in a position to address, having clarified all the necessary geometric ingredients. 



3.6 N = 2 BPS black holes: general discussion 

In this section we consider the general properties of BPS saturated black-holes in the context 
of iV = 2 supergravity. As our analysis will reveal these properties are completely rooted in the 
special Kahler geometric structure of the mother theory. In particular the entropy of the black- 
hole is related to the central charge, namely to the integral of the graviphoton field strength 
evaluated for very special values of the scalar fields z % . These special values, named the fixed 
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scalars Zj ix , are functions solely of the electric and magnetic charges {qT,,P A } of the hole and 
are attained by the scalars z l (r) at the hole- horizon r = 0. 



To illustrate how this happens let us finally go back to the ansatz (3.1.1) for the metric 



and to the ansatz Q3.1.2 ) for the vector field strengths. It is convenient to rephrase the same 



ansatz in the complex formalism well-adapted to the N = 2 theory. To this effect we begin 
by constructing a 2-form which is anti-self-dual in the background of the metric fl3.1.1|) and 
whose integral on the 2-sphere at infinity is normalized to 2ir. A short calculation yields: 



. e 



2U(r) i x a 



E = i — ^ — dt A x ■ dx + - — r dx b A dx c e a b c 

2 it = { E~ (3.6.1) 

J Si, 

and with a little additional effort one obtains: 

e 2U(r) 1 

E- vl ^ = 2i^^ 7a x a 7 o-[l + 75] (3.6.2) 

which will prove of great help in the unfolding of the supersymmetry transformation rules. 

Next, introducing the following complex combination of the magnetic charge p A and of the 
radial function £ s (r) defined by eq. ( 0.1.2 ): 



t A (r) = 2n(p A + il A (r)) (3.6.3) 
we can rewrite the ansatz ( |3.1.2j ) as: 



F -|A = —E~ 

47T 



and we retrieve the original formulae from: 



F A = 2ReF-l A = ^e abc x a dx b Adx c - ^e m dt Ax-dx 
F A = -2ImF"l A = - e 4Qe abc x a dx b Adx c - ^e^dt Ax-dx 



(3.6.4) 



(3.6.5) 



Before proceeding further it is convenient to define the electric and magnetic charges of the 
hole as it is appropriate in any electromagnetic theory. Recalling the general form of the field 



equations and of the Bianchi identities as given in ( 3.2.15 ) we see that the field strengths J-^ 
and Q^y are both closed 2-forms, since their duals are divergenceless. Hence we can invoke 
Gauss theorem and claim that their integral on a closed space-like 2-sphere does not depend 
on the radius of the sphere. These integrals are the electric and magnetic charges of the hole 
that, in a quantum theory, we expect to be quantized. We set: 

QA = J g2 G Mflu dx»Adx u (3.6.6) 



p s = — I F^ v dx^ A dx" (3.6.7) 
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If rather than the integral of G\ we were to calculate the integral of F A which is not a closed 
form we would obtain a function of the radius: 



A-Kl K {r) 



F A = 2Inr£ A 



(3.6.8) 



Consider now the supersymmetry transformations rules ( p.5.5 ), (3.5.6) and write the BPS 
condition: 








V^ A +e AB T- ul ^ B 



(3.6.9) 
(3.6.10) 



where the killing spinor £a(0 satisfies eq.( |3.1.5| ) and is of the form of a single radial function 
times a constant spinor: 



7o X A 



e f{r) XA 



XA = constant 



B 



(3.6.11) 



Inserting eq.s (|3T5^ ,( ^XT0|) , (|3.6.11|) into eq.s( ^X9|) , flOUCl ) and using the result (|X|), with 
a little work we obtain the first order differential equations: 



dz^ 
dr 



dU 
dr 



4*1*) 

} e U(r)\ 



g ij *V j *'Z{z,z,p,q) 
(M s p s - L A q A ) = 



Mr)' 



Z(z,z,p,q) 



(3.6.12) 
(3.6.13) 



where 



1- A/"as(-z, z) is the period matrix of special geometry defined by eq. ( 3.4.37 ) 



2. The vector V = (^L A (z, z), M%(z, z)j is the covariantly holomorphic section of the sym- 
plectic bundle entering the definition of a Special Kahler manifold (see eq. (3.4.28) 



Z(z,z,p,q) = (M s p s -lV) 



(3.6.14) 



is the local realization on the scalar manifold SM of the central charge of the N = 2 
superalgebra 



Z l (z,z,p,q) = g ll *Vj*Z(z,z,p,q) 



(3.6.15) 



are the central charges associated with the matter vectors, the so-called matter central 
charges 
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To obtain eqs. ( |3. 6. 12 ), (3.6.13) we made use of the following two properties : 

L A M AJ] t^ 








*|A £ 



Myt 



(3.6.16) 



which are a direct consequence of the definition (3.4.37) of the period matrix. The electric 
charges £ A (r) defined in ( 3.6.8 ) are moduli dependent charges which are functions of the radial 
direction through the moduli z % . On the other hand, the moduli independent electric charges 



q\ in eqs. fl3.6.13j ), (|3.6.12| ) are those defined by eq.( 3.6.6 ) which, together with p A fulfil a Dirac 
quantization condition, 
follows: 



Their definition allows them to be expressed in terms of of t (r) as 



q A = —Re(JS(z(r),z(r))t(r)) A 
Ztt 



Equation (3.6.17) may be inverted in order to find the moduli dependence of £ A { r )- 
independence of q A on r is a consequence of one of the Maxwell's equations: 

=^G a0|A (r)) = => d r Re(M(z(r),z(r))t(r)Y 



(3.6.17) 
The 







(3.6.18) 



3.6.1 Fixed scalars and the entropy 

In this way we have reduced the condition that the black-hole should be a BPS saturated 
state to a pair of first order differential equations for the metric scale factor U(r) and for the 
scalar fields z l {r). To obtain explicit solutions one should specify the special Kahler manifold 
one is working with, namely the specific Lagrangian model. There are, however, some very 
general and interesting conclusions that can be drawn in a model-independent way. They are 
just consequences of the fact that these BPS conditions are first order differential equations. 
Because of that there are fixed points (see the papers [33, 35, Q|) namely values either of the 
metric or of the scalar fields which, once attained in the evolution parameter r (= the radial 
distance ) persist indefinitely. The fixed point values are just the zeros of the right hand side 
in either of the coupled eq.s fl3.6.13j ) and ( 3.6.12 ). The fixed point for the metric equation is 
r = oo, which corresponds to its asymptotic flatness. The fixed point for the moduli is r = 0. 
So, independently from the initial data at r = oo that determine the details of the evolution, 
the scalar fields flow into their fixed point values at r = 0, which, as we will show, turns out 
to be a horizon. Indeed in the vicinity of r = also the metric takes the universal form of an 
AdS2 x S 2 , Bertotti Robinson metric. 
Let us see this more closely. 

To begin with we consider the equations determining the fixed point values for the moduli 
and the universal form attained by the metric at the moduli fixed point: 



= 


-g ij * ft* 


dU 


f e U{r) 


dr 





(ImAOrA * A (0) 



Z 



(3.6.19) 
(3.6.20) 



Multiplying eq.( |3.6.19 ) by using the identity ( 3.4,42| ) and the definition ( |3.6.14| ) of the central 
charge we conclude that at the fixed point the following condition is true: 



2 4^ 



Zfix Lfix 
8vr 



(3.6.21) 
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In terms of the previously defined electric and magnetic charges (see eq.s ( p.6.6| ),( p.6.7| ), ( p. 6, 17 )) 
eq.( |3,6.2l] ) can be rewritten as: 

/ = i(z fix L% x -Z fix L% x ) (3.6.22) 
q s = i(z fix Mi ix -Z fix Mg x ) (3.6.23) 
Z fix = M^V -L% x q A (3.6.24) 

which can be regarded as algebraic equations determining the value of the scalar fields at the 
fixed point as functions of the electric and magnetic charges p A ,qj:- 

L fix = lK (v, <?) — * Zfix = Z{p, q) = const (3.6.25) 
In the vicinity of the fixed point the differential equation for the metric becomes: 

± dU = Z(p^ eU{r) 
dr r l 

which has the approximate solution: 

exp[l/(r)] const + (3.6.27) 

r 

Hence, near r = the metric ( 3.1.1 ) becomes of the Bertotti Robinson type (see eq.( |3.1.18 ) ) 
with Bertotti Robinson mass given by: 

m 2 BR = \Z(p,q)\ 2 (3.6.28) 

In the metric ( |3.1.18| ) the surface r = is light-like and corresponds to a horizon since it is 
the locus where the Killing vector generating time translations JL which is time-like at spatial 
infinity r = oo, becomes light-like. The horizon r = has a finite area given by: 

Are&H = / s/gee9Ad,d9d(j) = <±irm 2 BR (3.6.29) 

Jr=0 

Hence, independently from the details of the considered model, the BPS saturated black-holes 
in an N=2 theory have a Bekenstein-Hawking entropy given by the following horizon area: 

^t=\Z(p,q)\ 2 (3.6.30) 



the value of the central charge being determined by eq.s (3.6.24). Such equations can also be 
seen as the variational equations for the minimization of the horizon area as given by ( 3.6.3CQ , 
if the central charge is regarded as a function of both the scalar fields and the charges: 

Are&H (z,z) = 4-7T \Z(z,z,p,q)\ 2 
5Are& H 

— j = — > z = zt ix (3.6.31) 

oz 

This view point will be pursued in the next chapter where we consider the general properties 
of supergravity central charges and their extremization 



Chapter 4 

The Structure of Supergravity 
Central Charges and the Black Hole 
Entropy 



4.1 Introduction 

The present one is the central chapter in this series of lectures. As we explained in the in- 
troduction the relevance of extremal black holes for string theory is that in the context of a 
supersymmetric theory the extremality condition, that is the coincidence of the two horizons, 
can be reinterpreted as the statement that the black hole is a BPS saturated state where the 
ADM mass is equal to the modulus of the supersymmetry central charge. 

Actually in A-extended supersymmetry the central charge is an antisymmetric tensor Zab 



that admits several skew eigenvalues (see eq.(1.2.4)) so that the discussion of the BPS condition 



becomes more involved depending on the structure of these skew eigenvalues. In this chapter 
we study the general properties of the supergravity central charges and their relation with the 
horizon area, namely with the black hole entropy. A first instance of such a relation was already 
derived in the previous chapter in the context of N = 2 supergravity where we obtained the 
fundamental relations ( |3.6.30| ) and (3.6.25) expressing the horizon area as the modulus square of 



the central charge evaluated at the extremum value of the scalars. In the present chapter we put 
this N = 2 result in a much more general perspective and we illustrate its deep meaning. Indeed, 
after illustrating the general structure and properties of the supergravity central charges, we 
show that to any lagrangian of type (|3.1.21|) we can associate an effective one-dimensional field 



theory that governs the radial dependence of the black hole metric and of the scalar fields. 
The interactions in such an effective theory are determined by a specific potential, the geodesic 
potential V((j), Q) that depends on the scalar fields and on the electric and magnetic charges 
of the hole. Finite horizon area black holes are characterized by scalar fields that are regular 
on the horizon and reach at r = extremum values of the geodesic potential. Actually the 
horizon area and, hence, the black hole entropy is given by the extremum value of the geodesic 
potential. When the theory is supersymmetric the geodesic potential can be reexpressed as 
a quadratic positive definite form in the supersymmetry central charges. Hence extremizing 
the potential and finding the black hole entropy means to extremize such a quadratic form in 
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the central charges. Using the formal structure of the supergravity central charges and their 
invariance under the [/-duality group one can derive very general properties of the horizon 
area. Indeed we can show that it is a topological invariant depending solely on the vector Q 
of quantized electric and magnetic charges that is also the square root of a quartic algebraic 
invariant of the [/-duality group. This is probably the deepest and most significant aspect of 
black-hole physics in the context of supergravity. In the next chapter we shall illustrate the 
concepts introduced in the present one through the explicit construction of N = 8 black holes. 
Here we keep our discussion at a very general level. 



4.2 Central Charges in N— extended D = 4 supergravity 



As we have explained in table 3.1, for N > 3 the scalar manifold of D = 4 supergravity 
is always a homogeneous coset manifold G/H. Furthermore, as we discussed in section |3.3| , 
the isometry group G is symplectically embedded into Sp(2n, IR), the symbol n denoting the 
total number of vector fields contained in the theory that can either belong to the graviton 
multiplet (graviphotons) , or to the matter multiplets, if such multiplets are allowed (N < 4). 
Correspondingly if L(<f)) is the coset representative of G/H in some representation of G, we 
denote by 

A B 



1L S P (<I>) = [ C D ) (4-2.1) 

the same coset representative embedded in the fundamental 2n real representation of Sp(2n, IR). 
Its blocks A((p), B((p),C(4>), D((p) can be constructed in terms of the original coset represen- 
tative L(<p). Performing the isomorphism transformation ( [3.3.9 ) we can rather use a coset 



representative that is embedded in the fundamental 2n representation of the group Usp(n,n). 
We name such a matrix lLjj sp (4>) and for convenience in later manipulations we parametrize it 
as follows: _ _ 

(/-!!: < 4 - 2 - 2 ' 

Explicitly the relation between the n xn complex matrices / and h defined by eq.( f4,2.2|) and 
the real blocks of the symplectic coset representative is written below: 

/ = ^(A-UD 

h = -^(C-ifl) (4.2.3) 

Explicitly the condition JLu S p £ Usp(n,n) reads as follows: 

Ufh-hff) = 1 



(f'h - h'f) = < 42 - 4 > 

The n xn sub-blocks of IL[/ sp are submatrices /, h which can be decomposed with respect to 
the isotropy subgroup HAut X H ma tter C G. 

Indeed in all supergravity theories N > 3, where the scalar manifold is a homogeneous coset 
G/H, the isotropy subgroup H has the following direct product structure: 

H = HAut ® Hmatter 

H Au t = SU(N) U(l) (4.2.5) 
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where Hj^t is the automorphism group of the supersymmetry iV-extended algebra, usually 
called R-symmetry, while H mat ter is a group related to the structure of the matter multiplets 
one couples to supergravity. Actually in D = 4 there are just two cases: H matter = SU (n) in 
N = 3 and H ma tter = SO(n) in N = 4, as the reader can see by looking at table |3.l| . The 
decomposition we mentioned is the following one: 

/ = (/abj/i) 

h = (h AA B,h A i) (4.2.6) 

where AB is a pair of indices in the antisymmetric representation of H^ut = SU(N) x J7(l) 
and I is an index in the fundamental representation of H ma u e r- Upper SU(N) indices label 
objects in the complex conjugate representation of SU(N), as we have already emphasized 
while discussing the N = 2 case (see for example formula ( [3.5.2 ) and following ones): 

(IabT = f AAB and similarly for the other cases (4.2.7) 

Note that we can consider (/^ b ,/iaab) and (/j, Hai) as symplectic sections of a Sp(2n, IR) 
bundle over the G/H base manifold. We will prove in the following that this bundle is actually 
flat. The real embedding given by ILgp is appropriate for duality transformations of .F and their 
duals ^ =t , according to equations ( |3.2.19| ), while the complex embedding in the matrix ^Lusp 
is appropriate in writing down the supersymmetry transformation rules of the fermions and of 
the vectors. The kinetic matrix J\f, given by the Gaillard-Zumino master formula ( |3.3.17 ), can 
be rewritten as follows: 

AT = hr\ M = M l (4.2.8) 

Using ( gjgjg ) and ( ggg ) we find 

(/*)-* = i(A/--A07 (4.2.9) 

that, more explicitly reads 

fABA = {r l )ABK = i{M -U)^7l B (4.2.10) 

fiA = (r 1 )/A = i(AA-A7) AE 7? (4.2.11) 

Similarly to the N = 2 case, the graviphoton field strengths and the matter field strengths, 
whose integrals yield the central and matter charges, are defined by the symplectic invariant, 
scalar field dressed, combinations of F^ v fields appearing in the fermion supersymmetry trans- 
formation rules. In other words there exists a generalization of formulae ( |3,5.5| ),( ft,5.6 ) and 



(|3.5.^ ),( |3.5.9|) , (|3~5.10| ),( t3.5.11 ) that we presently describe. In extended supergravity there are 



three kinds of fermions: 

1. The gravitino ip^n which carries an R-symmetry index A running in the fundamental of 
SU(N), the chirality assignments being as described in eq.s( 3.5.^ ),( 3.5.3| ). 



2. The dilatino fields XABCi that are spin 1/2 members of the graviton multiplet (for N > 3) 
and transform in the three times antisymmetric representation of SU(N). Their chirality 
assignment is: 

75 XABC = XABC 

1,X ABC = ~X ABC (4.2.12) 
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3. The gauginos that are spin 1/2 members of the vector multiplets and transform in 
the fundamental representation of the R-symmetry SU(N). For N = 3,4 they are also 
in the fundamental representation of the H matte r group, respectively SU(n) or SO(n). In 
the N = 2 case, where the scalar multiplet is not necessarily a coset manifold G/H, the 
index I is replaced by the world index i* , since the gaugino transforms as a section of the 
antiholomorphic tangent bundle (see eq.s ( 3,5.4[) ) 



The supersymmetry transformation laws of these fermion fields on bosonic backgrounds are 

Wa» = V,e A - \T^ ]pa7 ^e B = (4.2.13) 

bxABC = 4i P ABCD \id^e D - 37/-]^ e c] = (4.2.14) 

for the gravitino and dilatino, respectively, and 

5X A = aPis^j^ + bT-^eA (4.2.15) 

for the gaugino, a, b being some numerical coefficients, depending on the model and unessential 
for the purpose of the present discussion. Furthermore the dressed graviphoton and matter field 
strengths are defined by the following equations, completely analogous to equations ( ( |3.5.8j ) 
and following ones): 

t ab = KT 1 )ABAF- A = rt B (N-W) A xF- J] = h AAB F- A -f% B gx 



A 



T +AB = (TX B ) 



T +I = (Tf)* (4.2.16) 

Obviously, for N > 4, f A j = Tj = 0. Note also that the right hand side of eq.s ([4.2.16j ) makes 
it explicit the symplectic invariance of the dressed field strengths. 

Finally, in order to complete our description of the supersymmetry transformation rules, 
let us explain the meaning of the H Aut antisymmetric tensors PabcdHi PabiU (the index i is 
a world index labelling G/H coordinates). As it will be clear in the sequel these correspond 
to a decomposition of the G/H coset manifold vielbein into irreducible representations of the 
isotropy subgroup H. What is general in this decomposition is that, for all iV-cases, we always 
obtain the required representations needed to make sense of the supersymmetry transforma- 
tion rules ( 4.2.13 ),( 4.2.14| ),( |4.2.15| ). This happens because the choice of G/H is completely 



determined by supersymmetry. 

In full analogy to what we did in the N = 2 case we can now construct field dependent 
central and matter charges, by integrating the dressed field strengths T AB = T~f B + T7 B and 
(for N = 3,4) Tj = Tf + Tf on a two-sphere of radius r. As before these objects depend on 
r since the corresponding field strength is not conserved. Note that as already discussed in the 
N = 2 case we always assume spherical symmetry and hence purely radial dependence of the 
scalar and vector fields. For this purpose we note that 

T\ B = hAABF +A -f% B g+ = Q (4.2.17) 
T+ = h AI F +A - ffg+ = (4.2.18) 
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as a consequence of eqs. (4.2.8) and (3.2.22). Therefore we have: 



Zab = f T AB = [ (T+ B +TX B )= [ TX B = h AAB (r)p A -f% B (r)q A (4.2.19) 

Zl = I Tj= [ (T+ + Tf)=f TJ = h AI (r)p A - tf(r)qA (N < 4) (4.2.20) 
Js 2 Js 2 Js 2 



where: 



[ Ga, P A = I F A (4.2.21) 

Js 2 Js 2 

are the conserved quantized charges defined as in eq,( |3.6.6| ) and ( |3.6.7 ), We see that the central 



and matter charges are given by symplectic invariants and that the presence of dyons in D = 4 
is related to the symplectic embedding. 

4.2.1 Differential relations obeyed by the dressed charges 

Let T = TL^lpdlLusp be the Usp(n,n) Lie algebra left invariant 1-form satisfying the Maurer 
Cartan equation: 

dT + r A r = (4.2.22) 



Note that the above equation (4.2.22) actually implies the flatness of the symplectic bundle 
over G/H we have already mentioned. 

In terms of the matrices (/, h) the 1-form V reads: 

r = TL Usp dTL Usp - _. {ftdh _ htdf) _. {ftdE _ htdJ) ) = [ r rfH) ) (4.2.23) 

where the n x n sub-blocks and V embed the H connection and the G/H vielbein, 

respectively. This identification follows from the Cartan decomposition of the Usp(n,n) Lie 
algebra. Explicitly, if we define the HAut x -f/matter-covariant derivative of a vector V = 
(Vab, Vi) as: 

VV = dV-Vuj, u=(^ Q CD JJ ) (4.2.24) 
from ( [4.2.2| ) and fl4.2.23j ), we obtain the (n x n) matrix equation: 

v(u)(f + ih) = (J + ih)v 

V(u;)(f-ih) = (f-ih)V (4.2.25) 



together with their complex conjugates. Using further the definition (4.2.6) we have: 



V(w)/£b = ffPiB + \f KCD PABCD 

V(u;)/ 7 A = 17 AAB Pabi + 7 AJ Pji (4.2.26) 



where we have decomposed the embedded vielbein V as follows: 



v= (Pabcd Pabj\ (4227) 
V ^icd Pi j J 
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the sub-blocks being related to the vielbein of G/H, P = L 1 \7^L, written in terms of the 
indices of HAut x Hmatter- Note that, since / belongs to the unitary matrix JLjj sp , we have: 

(/ab> fi~)* = (/ '/ )• Obviously, the same differential relations that we wrote for / hold 
true for the dual matrix h as well. 

Using the definition of the charges (|4.2.19|) , (|4.2.20| ) we then get the following differential 



relations among charges: 

V{uj)Z ab = Z I Pi B + ^Z CD P ABCD 
V(lo)Zj = ±Z AB P abi + ZjPj J (4.2.28) 

Depending on the coset manifold, some of the blocks of ( gjgjgg ) can be actually zero. For 
example in N = 3 the vielbein of G/H = SU{3,n)/SU(3) x SU(n) x 17(1) |§ is P IA b (AB 
antisymmetric), I = 1, • • • , n; A, B = 1, 2, 3 and it turns out that Pabcd = Pu = 0. 

In N = 4, G/H = SU(1, 1)/U(1) ® 0(6,n)/0(6) x 0(n) fffl, and we have P ABC d = 



cabcdP, Pij = PSu, where P is the Kahlerian vielbein of ^jfjjp-, (A, ■ ■ ■ ,D SU{A) indices 
and I, J 0(n) indices) and Pi AB is the vielbein of 0(6, n)/0(6) x 0(n). 

For N > 4 (no matter indices) we have that V coincides with the vielbein P AB cd of the 
relevant G/H. 

4.2.2 Sum rules satisfied by central charges 

Besides the differential relations ( [4.2. 28; ), the charges also satisfy a sum rule that we presently 
describe. 

The sum rule has the following form: 

l -Z AB Z AB + Z{Z l = ~Q t M(N)Q (4.2.29) 

where M{N) and Q are: 

., (1 -ReAf\ (ImN \( 1 0\ . oon , 
^ = (o 1 J( ImAA-Ol-ReAA lj ( 42 - 3 °) 

g^(; A ) (4.2.31) 

In order to obtain this result we just need to observe that from the fundamental identities 
( 4.2.4| ) and from the definition of the kinetic matrix given in (4.2.8) it follows: 



/ft = _i(AA-AT) _1 (4.2.32) 

hrf = -i(AT _1 -M- 1 )' 1 = -W (M -77)^77 (4.2.33) 

hp = AA//t (4.2.34) 

frf = //W (4.2.35) 



4.3. THE GEODESIC POTENTIAL 



65 



Note that if we go back to the N = 2 case treated in the previous chapter, the sum rule on the 
central and matter charges ( [4.2,2S| ) takes the form: 

\Z\ 2 + \Zi\ 2 = \Z\ 2 + Z l9 ^Zj = -^Q l MQ (4.2.36) 
with the same right hand side as in the previous discussion. 



4.3 The geodesic potential 



At this point we can use the information we have so far collected on the central and matter 
charges in a different way that makes no direct reference to supersymmetry and enlightens the 
significance of the scalar field functional: 



V{<f>,Q) 



(4.3.1) 



introduced in the sum rule ( 4.2.29 ), ( 4. 2. 36 ). 

To this effect we consider the general action ( |3. 1.21 ) and the ansatz (3.1.1) for the metric, 
( |3 . 1 . 2j ) for the vector fields and ( 3.1.3| ) for the scalars. From such an action one can derive the 
field equations varying with respect to the metric, the vector fields and the scalars. Inserting the 
above ansatz such equations reduce to a system of second order ordinary differential equations 
in the variable r for the unknown functions U(r) and (j) 1 (r). We can think of such equations as 
the Euler Lagrange equations derived from an effective action which is quite straightforward to 
write down. Such an effective action has the following explicit form: 



S eff = J C eff {T)dT ■ T = 

(dU\ 2 dtf # J 



+ e 2U V{4>,Q) 



(4.3.2) 



where the potential V(<p) appearing in ( f4,3.2| ) is the same object defined in eq. pi). Actually 
the field equations from the original action are equivalent to the variational equations obtained 
from the effective action ( [1.3.2 ) provided we add to them also the following constraint: 



dUY 
~d^J 



913 



dr dr 



V(<t>,Q) = 



(4.3.3) 



Let us first consider a simple case where we assume that the scalar fields are constants from 
horizon r = to infinity r = oo: 

cf) 1 = constant = ^ (4.3.4) 

Extremal black-holes satisfying such an additional simplifying condition ( [4.3.4 ) are named 
double extreme black holes. 

It follows from ( [4.3.3 ), upon use of ( [4.3.4] ) that: 



my 



(4.3.5) 
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At the horizon r — ► — oo, the metric (3.1.1) must approach the Bertotti Robinson metric 
( 3.1.18 ), as we already discussed in complete generality, so that we have a boundary condition 
for the differential equation ( [4. 3. 5 ): 

e 2U{T) ™ -J- \ = T~~~ — ~ 2 (4-3-6) 
m BR t a Area// t z 

where tubr is the Bertotti Robinson mass and Area// is the area of the horizon, related to the 
first by eq.( 3.6,29| ). Using this information, for double extreme black holes we have: 

V(<f> H ,Q) = ^ (4.3.7) 

where (pa denotes the value of the scalar fields at the horizon, which in this case is the same as 
their value at infinity. Actually the result fl4,3.7j) is m ore general and it is true also for generic 
extremal black-holes where we relax condition (14.3-4 ) but we still assume that the kinetic term 
of the scalars (j) 1 (that in the original lagrangian ([3.1.21 ) and not that in the effective action) 
should be finite at the horizon: 

dc/) 1 d<t> J 2U 4 ^ (A q o\ 

hm gjj — — e r < oo (4.3.8) 

t^oo clt dr 

Indeed, using again the boundary condition ( 4.3.6j ) on U we find: 

dcj) 1 d(j) J 4vr 2 T ^oo 2 

gu — : 7 r — > X = finite quantity (4.3.9) 

dr dr Area# 

However, we must have X 2 = if the moduli (j) are assumed to be finite at the horizon. Indeed, 
if X 2 ^ 0, near the horizon we can write: 

r — f— r -Z^? const — > (j) 1 ~ const x logr (4.3.10) 
ar 

Hence also for generic extremal black-holes the same conclusion reached before in eq. ( 4. 3.7] ) 
holds true. 

Hence the area of the horizon is expressed in terms of the finite value reached by the scalars 
at the horizon. But what is such a value? We can easily show that cf)^ is determined by the 
following extremization of the potential (4.3.1): 

dV 

7D7l" = ° ( 4 - 3 - n ) 



Indeed considering the variational equation for the scalar fields derived from the effective action 
( 4.3.2; ) we have: 

D2 ^I^ S » (4.3.12) 



dr 2 Y 

Near the horizon the contribution from the quadratic terms proportional to the Levi Civita 
connection Tj K d T cf> J d T (j) K vanishes so that eq,( 4,3.12| ) reduces to: 

d 2 , „ 1 dV rj ^ 1 



dr 2 2 dcj) 1 Area// r 2 



(4.3.13) 
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whose solution is: 



2ir dV 



g IJ log r + 



(4.3.14) 



Area# 

Invoking once again the finiteness of the scalar fields <p at the horizon we conclude that their 
the extremum condition ( 4.3. 11| ) must be true in order to be consistent with eq. ( f4.3.14j ). 

In this way we have reached, for the general case of an extremal black hole with a finite 
horizon area, the same conclusion we had reached in section 3.6.1 for such a black hole in the 
context of N = 2 supergravity. Namely the scalars flow at the horizon at a fixed point that is 
determined as the extremum of a potential. In the N = 2 case we obtained the equations ( |3.6.24| ) 



determining the horizon values by starting from the BPS conditions ( |3.6.12| ) and (3.6.13) and 
imposing that we are at the fixed point of the first order differential equations. We already 
anticipated that the same result could be obtained by extremizing a potential, whose value at 
the horizon is the horizon area. We can now verify explicitly such a statement. To this effect we 
should stress that in the supersymmetric case the geodesic potential appearing in the effective 
action (|4.3.2|) and defined in eq. (|4.3.l[) is the right hand side of the central and matter charges 
sum rule of eq. (|4.2.29| ) or (|4.2.36Q for the N = 2 case. Hence extremizing the geodesic potential, 
in supersymmetric cases is the same thing as extremizing the left hand side of the sum rule. 
For the N = 2 case we find: 







±(zz + g <r z _ Zj , 

jk* 



V,Z Z + V t Zj Zj* g> K + Zj V; Z k * g 



Jk* 



ViZZ + iC, 



Z e *Z k *g e * m gi k * + Z* Z 51 



(4.3.15) 



where we have used the special geometry identities ( [3.4.36] ) and the already quoted identification 
(see ( 3.6.14 )and following ones): 

Zi = X7 t Z (4.3.16) 

Indeed the special geometry identities holding true on the symplectic sections and their deriva- 
tives are automatically extended to the central and matter charges that are linear combinations 
of such sections with constant coefficients (the quantized charges). From eq.( 4.3.15| ) it imme- 
diately follows that the extremum condition translates into eq.( |3.6.1^ ) since it implies: 



Zi = ViZ = 



di\Z\ 







(4.3.17) 



Hence the horizon area is indeed minimum and, as we claimed in section 3.6.1, the fixed values 
of the scalars are obtained by extremizing such an area. 



4.4 General properties of central charges at the extremum 

The geodesic potential Q4,3.1|) , whose extrema correspond to the finite values reached by the 
scalar fields at the horizon of an extremal black-hole, can be rewritten as the left hand side 
of eq.(|]E2|) in the case of a supersymmetric theory. This statement must be interpreted in 
the following way. We are free to consider an arbitrary theory of gravity coupled to scalar 
and vector fields described by an action of type ( |3.1.21| ). If supersymmetry is not advocated 
no special relation exists on the number of scalars relative to the number of vectors and any 
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symplectically embedded scalar manifold is allowed. For any such theory there is a period 
matrix M and correspondingly we can construct the potential ( 4.3,1 ) . We are also free to look 
for extremal black-solutions of such a theory and, according to the discussion presented in the 
previous section, the value attained by the scalars at the horizon is determined by eq.( 4.3.il"l ), 
provided we look for finite horizon area solutions. Yet it is only in the supersymmetric case 
that there exists a concept of central charges of the supersymmetry algebra and in that case 
the geodesic potential can be rewritten as a sum of squares of such charges: 



V 



SUSY 



(<t>,Q) 



-ZabZ AB + ZiZ 1 



(4.4.1) 



We can reconsider the extremization of the geodesic potential from the point of view of its 
supersymmetric reinterpretation ( 4.4.1 ). Writing the extremum condition as the vanishing of 



the exterior differential, we immediately get: 







SUSY 



dV 



~ vz AB z AB + i z AB vz AB + vzj z 1 + Z! vz 1 



(4.4.2) 



and inserting the differential relations (4.2.28) into ( 4.4.2; ) we obtain the following condition: 



+ 



2 IZ 



l -tz 

2 



~ > I\AB + 2 Z 



CD 



Pabcd ) Z AB + c.c 



■AB 



Pab\i + Z Pj\i 



Z J + c.c 



(4.4.3) 



Since the scalar vielbein provides a frame of independent 1-forms on the scalar manifold, 
eq. ( [4.4.3 ) can be true only if the coefficients of each vielbein component vanishes independently. 
This implies that, at the extremum, the following conditions on the central and matter charges 
have to be true: 



Z 



fix 



(4.4.4) 

\AB"CD\ ~ ( 4 - 4 - 5 ) 

Eq.s ( 4.4.4 ) and ( 4.4.5f) are the higher N generalization of the extremum condition ( 4.3.171 ) we 
found in the case of N = 2 supergravity. As we see for all values of N the matter charges 
Zj vanish at the horizon. In the N = 2 case where the matter charges can be interpreted 
as the moduli covariant derivatives of the unique central charge condition ( [4.4.4 ) suffices to 
determine the extremum. In the higher N case where the central charge is an antisymmetric 
N x N matrix, the extremum is characterized by the additional algebraic condition ( |4.4,5| ). Its 
meaning becomes clear if we make a local SU(N) R-symmetry transformation that reduces the 
central charge tensor to its normal frame where it is skew-diagonal (see eq. (Il.2.4|) ). Focusing 
on the N = 2p = even case, in the normal frame the only non-vanishing entries are 

(4.4.6) 



Z{ ix = Z 



fix r?fix 



12 > 



z. 



fix 
34 ) 



7 fix 
J N/2 



z 



fix 

N-1N 



and equation ( 4.4.5| ) implies that either all vanish, or at most one of them, say Z( lx = Z^ , is 
non zero while all the other vanish. Hence the constraint ( [4.4.5| ) yields two possibilities: 



solutions of the constraint 



1 st solution : 
2 nd solution 



f x = ; 
f Z[ ix + 

\ ryfix 



(i 



1,..., P ) 
= 2,...,p) 



(4.4.7) 
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On the other hand, recalling ( [4.3.7 ) we have: 



^£=y|z/"| 2 (4.4.8) 

4-7T ^ ' 1 



i=l 



so that if the horizon area ( and hence the entropy) of the black-hole has to be finite then we 
can exclude the first possibility in eq.( [4.4,7j ) and we find: 

= | Z{ ix | 2 > (4.4.9) 

4lT 



Eq. (4.4.9) is the higher iV generalization of eq,( |3.6.3C| ) holding true in the N = 2 case. It leads 



to the following very important conclusion: 

Statement 4.4.1 BPS saturated black-holes are classified by the skew-eigenvalue structure of 
their central charge Z A b evaluated at the horizon. The only BPS black-holes that have a non 
vanishing entropy Areau/4-K > are those admitting a single non-zero skew-eigenvalue z{ lx 
while all the other Zf ix vanish. 



4.5 The horizon area as a topological U duality invariant 



As we just saw the horizon area can be found by extremizing the geodesic potential and then 
replacing the fixed values of the scalars in eq. ( 4.3.7] ) . Since the only parameters appearing in 
the geodesic potential ( 4.3.1 ) are the quantized charges {p A , qx}, it follows that the fixed values 
of the scalars will depend only on such quantized charges and so will do the horizon area: 



Area# 

47T 



S(p,q) 



(4.5.1) 



On the other hand we recall that, by construction the geodesic potential is a symplectic invari- 
ant and hence an invariant under [/-duality transformations. Consider for instance the N > 4 
supersymmetric case where the geodesic potential is expressed as in eq.( 4.4.l| ) with no matter 
charges Zj. Introduce the charge vector ( 4.2.31 ) that transforms in the appropriate real symplec- 
tic representation of the U duality group which defines the symplectic embedding of the coset 
manifold U/H. Then recall the definition ( [4.2.19| ) of the central charges and eq. ( 4.2.2 ) which 
relates the complex C/sp-realization JLu sp (<j>) of the coset representative to its real symplectic 
version JLs p (4>). By straightforward algebra we verify that the geodesies potential is nothing 
else but the following bi-quadratic form in the charge vector and in the coset representative: 



V(<f>,Q) = \z AB {$)Z AB {$) 



(4.5.2) 



The invariance under the [/-transformations is verified in the following way. By definition of 
coset representative, if A G U C Sp(2n, IR) we have: 



IL Sp (A<f>) 

W A {4>) G H C U(n) C Sp(2n,JR) 



ATL Sp ((f>) W A {4>) 

[w A m T w A {<t>) 



(4.5.3) 
(4.5.4) 
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where A<fi denotes the non-linear action of the U group element A on the scalar fields <p and 
Wa^) is the H -compensator that in the symplectic representation is an orthogonal matrix 
(indeed we have [/(re) = SO(2n) n Sp(2n, M)). Relying on eq.( [4.5.4 ) and on the representation 
(|4.5.2| ) of the geodesic potential we find: 

V(A(f>, AQ) = Q T A T \lT s l (A<t>)] T 1T S 1 (A<f>) A Q 



Q T A T [A~ 1 f [l^)f [WxH^fW^i^TL-'^) A' 1 AQ 



= V(<p,Q) (4.5.5) 

which explicitly proves the U invariance of of the geodesic potential. It follows that also the 
horizon area S(p, q) obtained by substitution of the fixed scalar values in V(4>, Q) will be a U 
invariant. Not only that. Eq.( 4.5.2|) shows that the invariant I(p,q) must be homogenous of 



order two in the charge vector Q. At this point we can just rely on group theory. The geodesic 
potential is bi-quadratic in the charge vector and in the coset representative. Hence S(p, q) 
cannot be just a quadratic invariant since it is obtained by substitution of cf)^ lx = 4>(p, q) into an 
expression that is already quadratic in the charge vector. The other possibility is that S(p, q) 
be the square root of a quartic invariant. Hence we can guess the following formula: 



Area# 

47T 



S(p, q) = VQ A Q S Q A Q F dAEAF (4.5.6) 



where c?ASAr is a four-index symmetric invariant tensor of the U duality group in the real 
representation that defines the symplectic embedding of the manifold U /H. For instance in 
the case of N = 8 supergravity where U = £7(7) a four-index symmetric invariant tensor does 
indeed exist in the fundamental 56 representation. The horizon area of an = 8 BPS black- 
hole is correctly given by eq.( 4.5.6| ). We explicitly verify this statement in the next chapter 



by solving the appropriate differential equations and computing the horizon area. Here we 
pursue a more abstract discussion. Having established that the square of the horizon area is 
a quartic [/-invariant we can try to construct it as an appropriate linear combination of H— 
invariants. We start from the central charges Zab(p, q, <j>) that are linear in the charge vector Q 
and that transform covariantly under the compensating subgroup H. We consider the possible 
ii-invariants Ij (Z(p, q, </>)) that are quartic in the central charges Zab and we write the ansatz: 

S 2 (p, q)=I = Y,a i I i (Z(p, q, 0)) (4.5.7) 

i 

where a% are numerical coefficients. For arbitrary a% values I is a function of the scalar fields 
4> through the scalar field dependence of the central charges. Yet for special choices of the 
coefficients cti the if-invariant I can be independent from the (f) 1 . We argue that such a linear 
combination of //-invariants is the quartic [/-invariant we look for. To find the appropriate ctj 
it suffices to impose: 

W I = (4 ' 5 ' 8) 

This is a very much indirect way of constructing [/-invariants that has a distinctive advantage. 
It puts into evidence the relation between the black-hole horizon area and the eigenvalues of 
the central charge. As an example we consider the N = 8 case. 
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4.5.1 Construction of the quartic £7(7) invariant in the N = 8 theory 

In the N = 8 case we have U = £7(7) , H = SU(8) and the central charge Zab is in the complex 
28 representation of SU(8). There are three quartic SU(8) invariants that we can write: 

h = (Zab Z BA N 



h - \[^e ABCDEFGH Z AB Z CD Z EF Z G H+c.^ (4.5.9) 

We can easily determine the coefficients 01,02,013 by going to the normal frame. Naming the 
four skew-eigenvalues as in eq.( |4.4.6| ) we obtain: 

2 



h 



4 (gi Z ,f) 



I 2 = 2j2\Zi\ 2 \Z. 
1 



2 

3 1 



/ 4 4 



n z i+n z < (4 - 5 - l0) 

" Vi=l i=l / 

On the other hand, naming: 

Pl = Pl234 ; P 2 = Pl256 ! P 3 = Pl278 (4.5.11) 

the differential relations ( 4.2.28 ) reduce in the normal frame to: 

VZi = Pi Z 2 + P 2 Z 3 + P 3 Z 4 
VZ 2 = Pi Zi + p 3 z 3 + p 2 z 4 
VZ 3 = P 2 Zi + P 3 Z 2 + Pi z 4 

VZ 4 = P 3 Zi + P 2 Z 2 + Pj Z 3 (4.5.12) 
Inserting eq.s ( [4.5.12] ) and Q4.5.1C| ) in the condition 

d(j2ail^j=0 (4.5.13) 

and cancelling separately the terms proportional to Pj, (i = 1,2,3) we obtain a\ = 1/4, 
a 2 = —1, q 3 = 8. 

Hence we can finally write: 

/Area/A 2 1 
V 4rr ) 



-h- I 2 + 8I 3 



E(w) a -2Ewi^i a + 4 n^+n^ 

i=l i<j \i=l i=l / 

(pi + p2 + P3 + Pa) (pi + P2 - P3 - Pa) x 
x (pi - P2 + P3 - Pi) (pi - P2~ P3 + Pa) 

+8pip 2 p3pA (cos 0-1) (4.5.14) 
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The last equality in eg. ( 4.5.14| ) has been obtained by writing the four skew eigenvalues Zi in 
the following way: 

Z i = p i exp[i9] ; Pi eM (4.5.15) 

where 9 is a common phase. The central charge Zab can always be reduced to such a form be- 
cause after the matrix has been skew-diagonalized we still have enough SU(8) transformations 
to gauge away the three relative phases of the eigenvalues. An alternative and more intrinsic 
way of seeing that the truly independent parameters are 5, namely the 4 moduli pi plus the 
overall phase 9, is to observe that the stability subgroup of Zab in the normal form is (S'[/(2)) 4 . 
Then it suffices to count the dimensionality of the coset 



dim R ,„ TT ;J A = 51 (4.5.16) 



SU(8) 
(SU(2)T 

to conclude that 51 of the 56 real components of Zab can be gauged away leaving a residual 5. 



Statement 4.5.1 The most general N = 8 BPS black-solution depends on 5 intrinsic param- 



eters and its horizon area is given by eq. (4-5.14) in terms of such parameters. 
From eq.s (H.5.l4) , (H.5.1fiD 

we see that there are three possible cases: 

Pi > 92 > P3 > Pa > Aie& H > ~ BPS 
= nn -> = ha > fl ArpRL7 = n I BPS 



Pi = P2 > P3 = Pi > Area// = 
Pi = P2 = P3 = P4 > Area^ = 



J BPS 



(4.5.17) 



The last column in table (4.5.17) is a prediction about the fraction of preserved supersymmetries 
that we shall verify in the next chapter. 



Let us finally clarify the meaning of eq.(4.5.14) in comparison with our previous conclu- 
sion in statement |4.4.1 that at the horizon there is at most one non-vanishing central charge 
eigenvalue and that the horizon area is essentially the square of that eigenvalue (see eq.( 4.4.9| )). 
Superficially eq.s( 4.5.14| ) and eq.(4.4.9) might seem to be contradictory, but it is not so. 



Statement 4.5.2 The numerical value of the horizon area is a topological quantity depending 
only on the vector of quantized charges Q that is also a group theoretical invariant of the U- 
duality group. This numerical value was named S(p, q) since it is interpreted as the black hole 
entropy in black hole thermodynamics and its quantized charge dependence is given by eq.( 4-5.(\ ) 



By means of the construction described in the present section we have tried to reexpress the 
topological invariant S(p,q) in terms of the central charges skew-eigenvalues Z{. These latter 
depend on the scalar fields (j) 1 and therefore are not constant in space-time. In a black hole 
solution they have a radial dependence: Z\ = Zi(r) (see eq. ( 4.2.19 )). However the combination 
of central charges we have constructed is such that its numerical value does not depend on the 
scalar fields. Hence eq. ( 4.5.14| ) is true at any point of space-time and expresses the value of the 
black-entropy in terms of the central charges skew eigenvalue evaluated at that point. Thus it 
happens that if we go to radial infinity r = oo, by integrating the graviphoton field strength on 
a two sphere of very large radius we get, in principle, 5 different parameters, namely: 



p? ^ Pf ^ pT ^ pT 



(4.5.18) 
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On the other hand if we evaluate the central charges at the horizon, for a finite area black hole 
we find only one parameter: 



pi + o ; P2 = ps = p? = o ; e H = o (4.5.19) 



Yet whether we use the parameters in eq.( |4,5.i8| ) or those in eq. ( [4.5.19 ) the topological 



invariant corresponding to the horizon area is always expressed by eq. ([4.5.14 ) the numerical 



value being that provided by eq.( 4.5.6| ). In particular we obtain the relation: 



( 



pi) 2 = (pT + pT + pT + pT)(pT + pT-pT-pT) x 
x (pf - Pf + Pf - pT)(pT - P2 - Pf + Pf) 

+8p? pf p? (cos 6°° - 1) (4.5.20) 

that applies to finite area N = 8 black holes. The 5 parameters parametrizing the central 
charge on a large 2-sphere depend, besides the quantized charges Q, also on the black hole 
moduli, namely on the values: 

p 1 = J (oo) (4.5.21) 
attained by the scalar fields at radial infinity. These moduli are completely arbitrary. Yet the 



combination ( 4.5.14 ) of central charges is such that it actually depends only on the charges Q 
and not on the moduli. On the other hand, at the horizon the scalar fields flow to their fixed 
value that depends only on the charges and is insensitive to the boundary conditions at radial 
infinity. 

The relevance of this discussion is that it puts into evidence that the 5 moduli characterizing 
the most general finite area N = 8 black hole can be parametrized by the skew eigenvalues of 
the central charge at radial infinity. 

In the next chapter we address the problem of the explicit construction of N = 8 BPS black 
holes. 
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Chapter 5 

N=8 supergravity: BPS black holes 
with 1/2, 1/4 and 1/8 of 
supersymmetry 



5.1 Introduction to N = 8 BPS Black Holes 

In this chapter we consider BPS extremal black-holes in the context of = 8 supergravity. 

N = 8 supergravity is the 4-dimensional effective lagrangian of both type IIA and type IIB 
superstrings compactified on a torus T 6 . Alternatively it can be viewed as the 4D effective 
lagrangian of 11-dimensional M-theory compactified on a torus T 7 . For this reason its U— 
duality group £7(7) (2), which is defined as the discrete part of the isometry group of its scalar 
manifold: 

M {N=8) - E7{7) (5 1 11 

^scalar ~ SJ j {8) » 

unifies all superstring dualities relating the various consistent superstring models. The non 
perturbative BPS states one needs to adjoin to the string states in order to complete linear 
representations of the [/-duality group are, generically, BPS black-holes. 

These latter can be viewed as intersections of several p-brane solutions of the higher di- 
mensional theory wrapped on the homology cycles of the T 6 (or T 7 ) torus. Depending on how 
many p-branes intersect, the residual supersymmetry can be: 

1. I of the original supersymmetry 

2. j of the original supersymmetry 

3. I of the original supersymmetry 



As we have already emphasized in section 3A and further discussed in chapter |] the distinction 



between these three kinds of BPS solutions can be considered directly in a 4-dimensional setup 
and it is related to the structure of the central charge eigenvalues and to the behaviour of the 
scalar fields at the horizon. BPS black-holes with a finite horizon area are those for which the 
scalar fields are regular at the horizon and reach a fixed value there. These can only be the 
1/8-type black holes, whose structure is that of = 2 black-holes embedded into the N = 8 
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theory. For 1/2 and 1/4 black-holes the scalar fields always diverge at the horizon and the 
entropy is zero. 

The nice point, in this respect, is that we can make a complete classification of all BPS black 
holes belonging to the three possible types. Indeed the distinction of the solutions into these 
three classes can be addressed a priori and, as we are going to see, corresponds to a classification 
into different orbits of the possible 56-dimensional vectors Q = of magnetic-electric 

charges of the hole. Indeed N = 8 supergravity contains 28 gauge fields A^ and correspond- 
ingly the hole can carry 28 magnetic p A and 28 electric charges. Through the symplectic 
embedding of the scalar manifold ( |5.1.1| ) it follows that the field strengths F^ u plus their duals 
Gj^yu, transform in the fundamental 56 representation of £7(7) and the same is true of their 
integrals, namely the charges. 

The Killing spinor equation ( |3.1.6| ) that imposes preservation of either 1/2, or 1/4, or 1/8 
of the original supersymmetries enforces two consequences different in the three cases: 

1. a different decomposition of the scalar field manifold into two sectors: 

• a sector of dynamical scalar fields that evolve in the radial parameter r 

• a sector of spectator scalar fields that do not evolve in r and are constant in the BPS 
solution. 

2. a different orbit structure for the charge vector Q 

Then, up to [/-duality transformations, for each case one can write a fully general generating 
solution that contains the minimal necessary number of excited dynamical fields and the minimal 
necessary number of non vanishing charges. All other solutions of the same supersymmetry type 
can be obtained form the generating one by the action of £7(7) -rotations. 

Such an analysis is clearly group-theoretical and requires the use of appropriate techniques. 
The basic one is provided by the solvable Lie algebra representation of the scalar manifold. 



5.2 Solvable Lie algebra description of the supergravity scalar 
manifold 

As we already explained in chapter |3| it has been known for many years [38] that the scalar 
field manifold of both pure and matter coupled N > 2 extended supergravities in D = 10 — r 
(r = 6,5,4,3,2,1) is a non compact homogenous symmetric manifold f^(D i AT)/-ff(D,A r )> where 
U(d.n) (depending on the space-time dimensions and on the number of supersymmetries) is a 
non compact Lie group and Hr D m C Um,N) is a maximal compact subgroup. For instance in 



the physical D = 4 case the situation was summarized in table 3.1. In the case of maximally 

ucture: 

(5.2.1) 



extended supergravities in D = 10 — r dimensions the scalar manifold has a universal structure: 

Ud _ £r+l(r+l) 



Hd H. 



r+1 



where the Lie algebra of the i/o-group E r+ u r+ i\ is the maximally non compact real section 
of the exceptional E r+ \ series of the simple complex Lie Algebras and H r+ \ is its maximally 



compact subalgebra [39]. This series of homogeneous spaces is summarized in table 
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D = 9 


£ 2(2) = SL(2,]R)®0(1,1) 


J? = 0(2) 


dim R (f//if) = 3 


D = 8 


£ 3(3) = SL(3,JR)®Sl(2,TR) 


H = 0(2) ® 0(3) 


dim R (U/H) = 7 


D = 7 


E m = SL(5, M) 


if = 0(5) 


dim R (U/H) = 14 


D = 6 


£? 5(5) = 0(5,5) 


if = 0(5)® 0(5) 


dim R ([//if) = 25 


D = 5 


^6(6) 


if = f7sp(8) 


dim R (f//if) = 42 


D = 4 


^7(7) 


if = 5C/(8) 


dim R (U/H) = 70 


D = 3 


^8(8) 


if = 0(16) 


dim R ([//ff) = 128 



Table 5.1: U-duality groups and maximal compact subgroups of maximally extended super- 
gravities. 



All the homogeneous coset manifolds appearing in the various extended supergravity models 
share the very important property of being non-compact Riemannian manifolds M admitting 
a solvable Lie algebra description, i.e. they can be expressed as Lie group manifolds generated 
by a solvable Lie algebra Solv. 

M = exp (Solv) (5.2.2) 

This property is of great relevance for the physical interpretation of supergravity since it allows 
an intrinsic algebraic characterization of the scalar fields of these theories which, without such 
a characterization, would simply be undistinguishable coordinates of a manifold. Furthermore 
the choice of the solvable parametrization provides essential technical advantages with respect 
to the choice of other parametrizations and plays a crucial role in the solution of BPS black 
hole equations. For this reason we devote the present section to explaining the basic features 
of such a solvable Lie algebra description of supergravity scalars. 

5.2.1 Solvable Lie algebras: the machinery 

Let us start by giving few preliminary definitions. A solvable Lie algebra G s is a Lie algebra 
whose n th order (for some n > 1) derivative algebra vanishes: 

V {n) G s = 
XXG S = [<G S ,<G S ] ; V^+^Gs = [V^Gs,V^G s ] 

A metric Lie algebra (G, h) is a Lie algebra endowed with an euclidean metric h. An important 
theorem states that if a Riemannian manifold (A4,g) admits a transitive group of isometries 
Q s generated by a solvable Lie algebra G s of the same dimension as A4, then: 

M ~ G s = exp(G s ) 
S\eeM = h 

where h is an euclidean metric defined on G s . Therefore there is a one to one correspondence 
between Riemannian manifolds fulfilling the hypothesis stated above and solvable metric Lie 
algebras (G s , h) . 

Consider now a homogeneous coset manifold Ai = G/TC, G being a non compact real form of a 
semisimple Lie group and TL its maximal compact subgroup. If CI is the Lie algebra generating G, 
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the so called Iwasawa decomposition ensures the existence of a solvable Lie subalgebra G s C G, 



acting transitively on M, such that |4C]: 



G = H + G S dimG s = dim7W (5.2.3) 

H being the maximal compact subalgebra of G generating Ti. Note that the sum (|5.2.3j ) is not 

required to be an orthogonal decomposition, namely the elements of G s are not requested to be 

orthogonal to the elements of H but simply linearly independent from them. 

In virtue of the previously stated theorem, M may be expressed as a solvable group manifold 

generated by G s . The algebra G s is constructed as follows @]. Consider the Cartan orthogonal 

decomposition 

G = H © K (5.2.4) 
Let us denote by Tlx the maximal abelian subspace of IK and by TC the Cartan subalgebra of 



G. It can be proven [40] that TLk = HnK, that is it consists of all non compact elements of Ji. 
Furthermore let h ai denote the elements of TCk, being a subset of the positive roots of G 
and $ + the set of positive roots (3 not orthogonal to all the cti (i.e. the corresponding "shift" 
operators En do not commute with Tlx)- It can be demonstrated that the solvable algebra G s 
defined by the Iwasawa decomposition may be expressed in the following way: 

G s = H K @{ E a D<&} (5.2.5) 

where the intersection with G means that G s is generated by those suitable complex combina- 
tions of the "shift" operators which belong to the real form of the isometry algebra G. 

The rank of a homogeneous coset manifold is defined as the maximum number of commuting 
semisimple elements of the non compact subspace IK. Therefore it coincides with the dimension 
of TLki i- e - the number of non compact Cartan generators of G. A coset manifold is maximally 
non compact if H = TCk C G s . The relevance of maximally non compact coset manifolds relies 
on the fact that they are spanned by the scalar fields in the maximally extended supergravity 
theories. In the solvable representation of a manifold the local coordinates of the manifold are 
the parameters of the generating Lie algebra, therefore adopting this parametrization of scalar 
manifolds in supergravity implies the definition of a one to one correspondence between the 
scalar fields and the generators of Solv 42]. 

Special Kahler manifolds and Quaternionic manifolds admitting such a description have 
been classified in the 70's by Alekseevskii 



5.2.2 Solvable Lie algebras: the simplest example 

The simplest example of solvable Lie algebra parametrization is the case of the two dimensional 
manifold Ai = SL(2,JR)/SO(2) which may be described as the exponential of the following 
solvable Lie algebra: 

SL(2,M)/SO(2) = exp(Solv) 
Solv = {0-3,0-+} 
[0-3,0-+} = 2a+ 
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From ( |5.2.6| ) we can see a general feature of Solv, i.e. it may always be expressed as the direct 
sum of semisimple (the non-compact Cartan generators of the isometry group) and nilpotent 
generators, which in a suitable basis are represented respectively by diagonal and upper tri- 
angular matrices. This property, as we shall see, is one of the advantages of the solvable Lie 
algebra description since it allows to express the coset representative of a homogeneous mani- 
fold as a solvable group element which is the product of a diagonal matrix and the exponential 
of a nilpotent matrix, which is a polynomial in the parameters. The simple solvable algebra 
represented in ( |5.2.6| ) is called key algebra and will be denoted by F. 

5.2.3 Another example: the solvable Lie algebra of the STU model 

As a second example we illustrate the solvable Lie algebra parametrization of a coset manifold 
that will play a crucial role in the discussion of 1/8 preserving BPS black holes. The coset 
manifold we refer to is an instance of special Kahler homogeneous manifold, namely 

STM = ™ML* SO < 2 ' 2 > 



[7(1) SO{2) x SO{2) 



SO(2) J 



This is the scalar manifold of an N = 2 supergravity theory containing three vector multiplets. 
The corresponding three complex scalar fields are usually named S, T and U and for this 
reason such a model is named the STU model. Hence the scalar manifold of the STU model is 
a special Kahler manifold generated by a solvable Lie algebra which is the sum of 3 commuting 
key algebras: 

. /SL(2,IR)\ 3 

Mstu = y so{2) ) = exp ^ SolvsTU > 

SoIvstu = F 1 ®F 2 ®F 3 
Fi = {hi,gi} ; [hi,9i] = 2 9i 

[F h Fj] = (5.2.8) 

the parameters of the Cartan generators hi are the dilatons of the theory, while the parameters 
of the nilpotent generators gi are the axions. The three SO (2) isotropy groups of the manifold 
are generated by the three compact generators g% = g% — g\ ■ 



5.2.4 A third example: solvable Lie algebra description of the manifold 

Mt6/z 3 

If we compactify the type IIA superstring on the orbifold of a six-torus modulo some discrete 
group we obtain a low energy effective supergravity that corresponds to a truncation of the 
original N = 8 supergravity, generally with lower supersymmetry. For instance if the six extra 
dimensions are compactified on the orbifold T 6 /Z3, the resulting theory is N = 2 supergravity 
coupled to 9 vector multiplets. The 18 scalars belonging to these vector multiplets are the 
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coordinates of a special Kahler manifold that we name M. j« /z 3 since it can be geometrically 
interpreted as the moduli space of Kahler class deformations of the orbifold. This space is one of 
the exceptional special Kahler homogeneous spaces of the Cremmer Van Proeyen classification: 
indeed it is SU(3, 3)/SU(3) x U(3) ( see table ([3. 2D ), It plays an important role in deriving 
the generating solution of BPS black holes of the 1/8 type. For this reason we anticipate here 
its solvable Lie algebra description as an illustration of the general theory by means of a third 
example. We find that this 18-dimensional Special Kahler manifold is generated by a solvable 
algebra whose structure is slightly more involved than that considered in the previous example, 
indeed it contains the solvable Lie algebra of the STU model plus some additional nilpotent 
generators. Explicitly we have: 

SU(3,3) 

Mt6 ^ = SU(3)xU(3) =ex P^ oto ) 
Solv = Solvsru © X © Y © Z 

(5.2.9) 

The 4 dimensional subspaces X, Y, Z consist of nilpotent generators, while the only semisimple 
generators are the 3 Cartan generators contained in SoIvstu which define the rank of the 
manifold. The algebraic structure of Solv together with the details of the construction of the 
SU(3, 3) generators in the representation 20 is what we explain next. This corresponds to 
the explicit construction of the symplectic embedding of the coset manifold implied by special 
geometry. Such a construction will be particularly relevant to the construction of the 1/8 
supersymmetry preserving black-holes. Indeed the 20 dimensional representation of SU(3, 3) 
is that which accommodates the 10 © 10 electric plus magnetic field strengths of N = 2 
supergravity coupled to 9 vector multiplets. In a first step we shall argue that the N = 8 
black-holes of type 1/8 are actually solutions of such an N = 2 theory embedded into the 
N = 8 one. In a second step we shall even argue that the generating solution is actually a 
solution of a further truncation of this N = 2 theory to an «STi7— model. 

Anticipating these physical motivations, in describing the solvable Lie algebra structure of 
the M^e jz z manifold we pay particular attention to how it incorporates the STU solvable 
algebra. Indeed applying the decomposition ( 5 . 2 . 5| ) to the manifold M-t 6 /Zz one obtains: 



SU(3, 3) = [S77(3)i © SU(3) 2 © 17(1)] © Solv 

Solv = F x © F 2 © F 3 © X © Y © Z 

Fi = {h 4 , gi } z = 1,2,3 

X = X + © X , Y = Y + © Y , Z = Z + © Z 

[hi, a ] = 2 gi z = 1,2,3 

[Fi,Fj] = i^j 

[ha , Y±] = ±Y ± , [hg , X±] = ±X ± 

[h 2 , Z±] = ±Z ± , [h 2 , X±] = X± 

[hx , Z±] = Z± , [hi , Y±] = Y ± 

[gi , X] = [ gl , Y] = [gi , Z] = 

[g 2 , X] = [g 2 , Y] = [g 2 , Z+] = , [ga , Z 

[g 3 , Y+] = [g 3 , X+] = [ g3 , Z] = 
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[g 3 , Y-] = Y+ ; [g 3 , X-] = X+ 

[Fi , X] = [F 2 , Y] = [F 3 , Z] = 
[X- , Z~] = Y" (5.2.10) 

where the solvable subalgebra SoIvstu = Fx@Fi@Fz is the solvable algebra generating Mstu- 
Denoting by on, i = 1,2, ... ,5 the simple roots of 577(3,3), using the canonical basis for the 
577(3, 3) algebra, the generators in ( |5.2.1C|) have the following form: 

hi = H ai gi = iE Ql 

b2 = Ha 3 g2 = iEa 3 

h 3 = H a5 g 3 = iE a5 
-+ 



X H 



X 1 — i(E_ ai + E a3+a4+as ) i 
X 2 = 7^0,3+0,4+0,5 — E- a4 j 

X 1 = i(7?Q, 3 +o 4 + E_/ ai+as \) 



-JJ-- _ I 1 ^ a 3+«4 "T " C/ - (0-4+0-5) 

\ X 2 = ^03+04 — 7?_( Q , 4 _|_ Q5 ^ y 

Y+ — [ ^1 = ^(-^"01+02+03+04+05 + 7^_(q, 2 +o3+o4)) 

\ Y 2 = 7^q, 1 +02+03+04+Q5 ~~ 7^_(-q, 2 +o 3 +q 4 ) 

Y — I ^1 = K-^oi +02+03+04 + 7?_(q 2 +o 3 +04+05)) 
\ Y 2 = 7^01+02+03+04 — E_ (o 2 +03 +04+05) 

2+ [ = i(7?oi +02+03 + 7?_o 2 ) j 

y ^2 = -^01+02+03 — 7?_02 y 

z - _ [ z i = i(7?oi+o 2 + ^-(03+03)) j 
I Z 2 = 7^01+02 - -^-(02+03) / 



(5.2.11) 



As far as the embedding of the isotropy group 50(2) 3 of Mstu inside the M-t 6 /z 3 isotropy 
group 577(3)i x SU (3)2 x U(l) is concerned, the 3 generators of the former ({51, fib, 53} ) are 
related to the Cartan generators of the latter in the following way: 

91 = 2 + 2 ( Hci ~ Hdl + Hci+C2 ~ H di+<k)j 

92 = ^ + 2 ( Hci ~ Hdl ~ 2 ( Hc i+ c 2 ~ H di+d 2 ))j 

h = \(\+l(-2(H cl -H dl ) + (H Cl+C2 -H dl+d2 )fj (5.2.12) 

where {cj}, {di}, i = 1,2 are the simple roots of 5J7(3)i and SU (3)2 respectively, while A is the 
generator of £7(1). 

In order to perform the truncation to an STU model, one needs to know also which of the 
10 + 10 field strengths should be set to zero in order to be left with the 4 + 4 of STU model. 
This information is provided by the decomposition of the 20 of SU (3, 3) with respect to the 
isometry group of the STU model, namely [5L(2,1R)] 3 : 

20 5i( i R)3 ( 2 , 2, 2) © 2 x [(2, 1, 1) © (1, 2, 1) © (1, 1, 2)] (5.2.13) 
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Then, skew diagonalizing the 5 Cartan generators of SU(3)i x SU (3)2 X U{1) on the 20 we 
obtain the 10 positive weights of the representation as 5 components vectors (A' = 0, . . . , 9): 



{C(n)} 
C{n)-\v$') 
C(n)-K A ') 



1 2 ' 2 



H, 



di +d,2 



J y 



-<)k A ' 



(5.2.14) 



Using the relation ( |5.2.12 ) we compute the value of the weights u A on the three generators gi 



and find out which are the 4 positive weights v (A = 0, . . . , 3) of the (2, 2, 2) in ( 5.2.13 ). The 



complete list of weights v and their eigenvectors \v£ <y ) are worked out below. 

Evaluated on the Cartan subalgebra H of SU(3)i © SU (3)2 © U(l) the weights v A read as 
follows: 



{ 2 



H, 



C1+C2 



{0,0,0,0,-} 

1111 

2' 2' ~2' ~2' 

r 1 11, 

^2'°'"2'2 } 

1 1 1, 

{3,0,-2,0,-} 

1 1 1, 

{2,0,0,--,-} 

rill, 

{o,-,--,o,-} 
1 1 1 1 

^2'°' 2' 2' 2^ 

,111 1, 
{-, -, -,0, — } 
L 2 2 2 2 

1 1 1 1 

1 ' 2' 2' 2' 2' 



1 1 1 

^2' 2'°' 2' 



1 



} 



H, 



d\+d2 



,A) 



(5.2.15) 



The weights ( 5.2.15 ) have been ordered in such a way that the first four define the (2,2,2) 
of the subgroup £X(2,IR) 3 C SU {3,3) and in the physical interpretation of this algebraic 
construction the weight v° will be associated with the graviphoton since its restriction to the 
Cartan generators H Cl , H Cl+C2 , Hd 1 , Hd 1 +d 2 of the matter isotropy group H mat ter = SU{3)\ © 
SU (3)2 is trivial. 

As promised, while constructing the M. T & / 23 we have completely defined the way it incorpo- 
rates the STU model. Indeed we obtained an algebraic recipe to perform the truncation to the 
STU model: setting to zero all the scalars parametrizing the 12 generators X © Y © Z in ( 5.2.S| ) 
and the 6 vector fields corresponding to the weights v A , A' = 4, . . . , 9. Restricting the action of 
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the [£X(2,IR)] 3 generators (hi,gi,gi) inside SU(3, 3) to the 8 eigenvectors \v^ y )(A = 0, ...,3) 
the embedding of [SX(2,IR)] 3 in Sp(8) is automatically obtained 1 . 

After performing the restriction to the Sp(8)d representation of [SX(2,IR)] 3 we have just 
described, the orthonormal basis \v£ y ) (A = 0, 1, 2, 3) is: 



\vl) 



1111, 

{0,0,0,0,-,--,-,--} 

{o,o,o,o,i,i,i,i} 
iiii 

{2<2<-2<-2< < '°< 0} 
{1-1 1-1,0,0,0,0} 

{11 llo,o,o,o} 

111 1, 

{0,0,0,0,--,-,-,--} 

1111, 

{0,0,0,0,-,-,--,--} 



(5.2.16) 



The Sp(8)o representation of the generators of SoIvstu reads as: 



hi = 



h 2 = 
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1 In the Sp(8) representation of the U-duality group [SL(2, IR)] 3 we shall use the non-compact Cartan gen- 
erators hi are diagonal. Such a representation will be denoted by Sp(8)d, where the subscript "D" stands for 
"Dynkin". This notation has been introduced in to distinguish the representation Sp(8)d from Sp(8)y ("Y" 
standing for "Young") where on the contrary the Cartan generators of the compact isotropy group (in our case 
<?i) are diagonal. The two representations are related by an orthogonal transformation. 
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5.2.5 Solvable Lie algebras: R-R and NS-NS scalars in maximally extended 
supergravities 

At the beginning of this section we stated that every non compact homogeneous space Q /TL is ac- 
tually a solvable group manifold and that its generating solvable Lie algebra Solv {Q /TL) can be 
constructed utilizing roots and Dynkin diagram techniques. As we stressed this is important in 
string theory since it offers the possibility of introducing an intrinsic algebraic characterization 
of the supergravity scalars. In particular this yields a group-theoretical definition of Ramond- 
Ramond and Neveu-Schwarz scalars. It goes as follows. The same supergravity lagrangian 
admits different interpretations as low energy theory of different superstrings related by duality 
transformations or of M-theory. The identification of the Ramond and Neveu Schwarz sectors 
is different in the different interpretations. Algebraically this corresponds to inequivalent de- 
compositions of the solvable Lie algebra Solv (Q /TL) with respect to different subalgebras. Each 
string theory admits a T-duality and an S'-duality group whose product S ® T constitutes a 
subgroup of the [/-duality group, namely of the isometry group U = Q of the homogeneous 
scalar manifold Q /TL. Physically S is a non perturbative symmetry acting on the dilaton while 
T is a perturbative symmetry acting on the "radii' of the compactification. There exist also 
two compact subgroups TLs C S and TLt C T whose product TLs <8> TLt C H is contained in 
the maximal compact subgroup TL C U such that we can write: 

Solv {U/TL) = Solv {S/H s ) Solv (T /TLt) @ W (5.2.17) 

the three addends being all subalgebras of Solv {U /TL). The first two addends constitute the 
Neveu Schwarz sector while the last subalgebra W which is not only solvable but also nilpotent 
constitutes the Ramond sector relative to the chosen superstring interpretation. 

An example of this way of reasoning is provided by maximal supergravities in D = 10 — r 
dimensions. For such lagrangians the scalar sector is given by M. sca iar = E r+1 r r+1 \/TL r +i 
where the group i£ r+ i(r+i) is obtained exponentiating the maximally non compact real form of 
the exceptional rank r + 1 Lie algebra E r+ \ and TL r +i is the corresponding maximal compact 
subgroup (see table |5.l[) . If we interpret supergravity as the low energy theory of Type IIA 
superstring compactified on a torus T r , then the appropriate S'-duality group is 0(1, 1) and the 
appropriate T-duality group is SO(r,r). Correspondingly we obtain the decomposition: 

Solv (E r+1(r+1) /U r+l ) = 0(1, 1) Solv ( g Q( 5 r ^ r gQ (r) ) © Wn r+1 (5.2.18) 

where the Ramond subalgebra W nr+1 = spin[r, r] is nothing else but the chiral spinor represen- 
tation of SO(r,r). In the four dimensional case r = 6 equation ( |5.2.18| ) takes the exceptional 
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form: 



The 38 Neveu Schwarz scalars are given by the first two addends in ( 5.2.19Q , while the 32 



Ramond scalars in the algebra W32 transform in the spinor representation of SO(6, 6) as in all 
the other cases. 

Alternatively we can interpret maximal supergravity in D = 10 — r as the compactification 

on a torus T T of Type IIB superstring. In this case the ST-duality group is different. We just 
have: 

S ® T = 0(1, 1) ® GL(r) (5.2.20) 
Correspondingly we write the solvable Lie algebra decomposition: 

Soiv (s r+1(r+1) /W r +i) = 0(1, 1) © Soiv (|^y) © Wn r+1 (5.2.21) 

where WV+i is the new algebra of Ramond scalars with respect to the Type IIB interpretation. 
Actually, as it is well known, Type IIB theory already admits an SL(2, R) U-duality symmetry 
in ten dimensions that mixes Ramond and Neveu Schwarz states. The proper S-duality group 



0(1,1) is just a maximal subgroup of such SL(2,R). Correspondingly eq. (|5.2.2l|) c & n be 
restated as: 

Solv r+1 = Soiv (E r+1{r+l) /H r+1 ) = Solv(SL(2,R)/0(2)) Soiv (^|y) © W nr+1 

(5.2.22) 

Finally a third decomposition of the same solvable Lie algebra can be written if the same 
supergravity lagrangian is interpreted as compactification on a torus T 7 of M-theory. For the 
details on this and other decompositions of the scalar sector that keep track of the sequential 
compactifications on multiple torii we refer the reader to the original papers [[il|, [42| . 



5.3 Summary of TV = 8 supergravity. 



Having reviewed the solvable Lie algebra description of the supergravity scalar manifolds we 
next proceed to summarize the structure of = 8 supergravity. The action is of the general 
form ( 3.1.21[ ) with gjj being the invariant metric of E 7 ^/SU(8) and the period matrix AA being 
determined from the Gaillard Zumino master formula ( |3.3.17[ ) via the appropriate symplectic 
embedding of £7(7) into 5p(56, 1R) (see table |3~T| ) . Hence, according to the general formalism 



7(7) 



discussed in chapter § and to eq. ( |4.2.2|) we introduce the coset representative IL of su ^ 
56 representation of £7(7) : 



in the 



1 

71 



( f + ih 



ih 



f + ih 



(5.3.1) 



f-ih 



where the submatrices (h, f) are 28 x 28 matrices labeled by antisymmetric pairs A, Tj,A, B ( 
A, £ = 1, . . . , 8, A, B = 1, . . . , 8) the first pair transforming under £7(7) and the second one 
under SU (8): 



(h,f) = ( 



AE|AB 



/ 



AE 
AB 



(5.3.2) 
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As expected from the general formalism we have 1L E Usp (28, 28). The vielbein Pabcd and 

E 7(7) 

5(7(8) 



the SU (8) connection $l A B of -5777^ are computed from the left invariant 1-form IL 1 dIL: 



JL _1 cflL 



( -pABCD X 



\ Pabcd 



6 [c n D] , 

°[A U B] ) 



(5.3.3) 



where Pabcd = PABCD,id& L (i = 1, . . . ,70) is completely antisymmetric and satisfies the 
reality condition 

Pabcd = -^-abcdefghP EFGH (5.3.4) 



The bosonic lagrangian of N = 8 supergravity is [ p9| 

C = J V=9d A x (2R + Im M mTA F^F TA ^ + \p A BCD,^f CD d^d^V + 



1 gMl'PO" 

+ -Re N^r^—j^F^ F pa 



-g 



where the curvature two-form is defined as 

R ab = duj ab - uj a c A u cb . 
and the kinetic matrix A/"AE|rA is given by the usual general formula: 

N = hf^ 1 — ► A/As|rA = ^ae|ab/ _1 ^a- 



(5.3.5) 



(5.3.6) 



(5.3.7) 



The same matrix relates the (anti)self-dual electric and magnetic 2-form field strengths, namely, 
setting 

1 (F±i *F) Alj (5.3.8) 



P± AS _ 1 / Tn , ; , mAE 

2 



according to the general formulae ( |3.2.22j ) one has 



G 
G 



AS 



J7 



AE|TA 



AS 



/V, 



AE|TA 



F+ 



ta 



rA 



(5.3.9) 



where the "dual" field strengths according to the general formalism (see eq.( 3.2.12[ )) are 



defined as G^s = § g^i^Aso ■ Note that the 56 dimensional (anti)self-dual vector 



AS 



transforms covariantly under U £ Sp(56,IR) 



'( 


F 






)- 


r 

\ G 


G 




A l C 






= 


B f D 






= 


A t D 




C*5 


= 1 



17 



A B 
C D 



(5.3.10) 
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The matrix transforming the coset representative IL from the C/sp (28, 28) basis, eq.(5.3.1), to 
the real Sp (56, IR) basis is the Cayley matrix: 



TLusp = CTLspC 1 C 



1 il 



a 



-il 



(5.3.11) 



implying eq.s(4.2.3). Having established our definitions and notations, let us now write down 
the Killing spinor equations obtained by equating to zero the SUSY transformation laws of the 
gravitino -i/M^t and dilatino xabc fields of N = 8 supergravity in a purely bosonic background: 



$XABC 



4i P 



ABCD\i u n 



1„H 



[AB\pa 
P' 7 ^ e B = 



(5.3.12) 
(5.3.13) 



where V M denotes the derivative covariant both with respect to Lorentz and SU (8) local trans- 
formations 

V„e A = d^A - \lab u ab e A - 0/e B (5.3.14) 
and where T A J is the "dressed graviphoton"2— form, defined according to the general formulae 



(112161) 



(5.3.15) 



T A -J = (h ASA B (*) F" AS - f^ AB (*) G / 

From equations (|5.3.7|) , ( 5.3.9 ) we have the following identities that are the particular N = 8 
instance of eq. ( [4.2. 17| ) : 



23b = 



AB 



B 



AB 



AB 



Tab 



Following the general procedure indicated by eq.(4.2.19) we can define the central charge: 

Zab = [ T AB = h mA BP K11 ~ f A A B QAX (5.3.16) 

which in our case is an antisymmetric tensor transforming in the 28 irreducible representation 
of SU(8). In eq.( |5.3.16 ) the integral of the two-form Tab is evaluated on a large two-sphere at 
infinity and the quantized charges (pat,, q AS ) are defined, following the general eq.s ( 4.2.21 ) by 



AS 

p 

<?AE 



F 



AS 



S 2 



5 , 



(5.3.17) 



5.4 The Killing spinor equation and its covariance group 

In order to translate eq.( 5,3.12| ) and ( |5.3.13[ ) into first order differential equations on the bosonic 
fields of supergravity we consider a configuration where all the fermionic fields are zero and a 
SUSY parameter that satisfies the following conditions: 



X* 1 7m e A 
£A 



iC A se B ; A,B = 1,. 

i ^4 > Tlmax 



,71* 



(5.4.1) 
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Here is a time-like Killing vector for the space-time metric ( in the following we just write 
X^lfi = 7°) and ca, t A denote the two chiral projections of a single Major ana spinor: 75 €a = £A 
, 75 e A = —e A . This is just the particularization to the N = 8 case of eq.s (|3.1.5|) defining the 
Killing spinor £4 and inserting an ea with the properties ( |5.4.l|) into eq.s (|5.3.12|) , (|5.3.13|) we 
obtain the N = 8 instance of the general equation ( [3,1.6 ). We name such an equation the Killing 



spinor equation and the investigation of its group-theoretical structure is the main task we face 
in order to derive the three possible types of BPS black-holes, those preserving 1/2 or 1/4 or 1/8 
of the original supersymmetry. To appreciate the distinction among the three types of N = 8 
black-hole solutions we need to recall the results of [[i?]] where a classification was given of 
the 56-vectors of quantized electric and magnetic charges Q characterizing such solutions. The 
basic argument is provided by the reduction of the central charge skew-symmetric tensor 7Lab to 
normal form. The reduction can always be obtained by means of local SU (8) transformations, 
but the structure of the skew eigenvalues depends on the orbit-type of the 56-dimensional 
charge vector which can be described by means of its stabilizer subgroup G s t a b(Q) C £7(7): 

9 G G s tab{Q) C -E 7 ( 7 ) gQ = Q (5.4.2) 

There are three possibilities: 



SUSY 


Central Charge 


Stabilizer = G sta b 


Normalizer = G norm 


1/2 


Z\ = Z2 = Z% = Z4 


Eq(6) 


0(1,1) 


1/4 


Z\ = Z2 7^ z% = Z^ 


50(5,5) 


5L(2,M) x 0(1,1) 


1/8 


Z\ / Z2 / ^3 7^ Za, 


SO (4, 4) 


SL(2,1R) 3 



(5.4.3) 



where the normalizer G norm (Q) is defined as the subgroup of £7(7) that commutes with the 
stabilizer: 

[Gnorm , G stab ) = (5.4.4) 



The main result of [44] is that the most general 1/8 black-hole solution of N = 8 supergravity 
is related to the normalizer group <SX(2,IR) 3 . In the subsequent paper [45| the 1/2 and 1/4 



cases were completely worked out. Finally in |46j the explicit form of the generating solutions 
was discussed for the 1/8 case. In these lectures we review all these results in detailed form. 

In all three cases the Killing spinor equation has two features which we want presently to 
stress: 

1. It requires an efficient parametrization of the scalar field sector 

2. It breaks the original SU(8) automorphism group of the supersymmetry algebra to the 
subgroup Usp(2n max ) x SU(8 -2n max ) x {7(1) 

The first feature is the reason why the use of the rank 7 solvable Lie algebra Solvj associated 
with E 7 ( 7 -)/SU(8) is of great help in this problem. The second feature is the reason why the 
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solvable Lie algebra Solv? has to be decomposed in a way appropriate to the decomposition of 
the isotropy group SU(8) with respect to the subgroup Usp(2n max ) x SU(8 — 2n max ) x £7(1). 

This decomposition of the solvable Lie algebra is a close relative of the decomposition 
of N = 8 supergravity into multiplets of the lower supersymmetry N' = 2n max . This is 
easily understood by recalling that close to the horizon of the black hole one doubles the 
supersymmetries holding in the bulk of the solution. Hence the near horizon supersymmetry is 
precisely N' = 2n max and the black solution can be interpreted as a soliton that interpolates 
between ungauged N = 8 supergravity at infinity and some form of N' supergravity at the 
horizon. 



The 1/2 SUSY case 



Here we have n max = 8 and correspondingly the covariance subgroup of the Killing spinor 
equation is Usp(8) C SU(8). Indeed condition ( 5.4.1] ) can be rewritten as follows: 



B 



A,B = 1, 



(5.4.5) 

where Cab = — &BA denotes an 8 x 8 antisymmetric matrix satisfying C 2 = —1. The group 
Usp(8) is the subgroup of unimodular, unitary 8x8 matrices that are also symplectic, namely 
that preserve the matrix C. Relying on eq. ( 5.4.3 ) we see that in the present case G s t a b = ^6(6) 



and G norm = 0(1, 1). Furthermore we have the following decomposition of the 70 irreducible 
representation of SU(8) into irreducible representations of Usp(8): 



70 ^ 8) 42 



27 



We are accordingly lead to decompose the solvable Lie algebra as 



Solv 7 = Solv 6 0(1, 1) 
70 = 42 + 1 + 27 



E) fi 



(5.4.6) 



(5.4.7) 
(5.4.8) 



where, following the notation established in [fl4| , 

Solv-j = Solv 



( E 7(7) \ 

\SU(8)J 



Solv& 55 Solv {wSk) 



dim Solvj 
dim SoIvq 



70 
42 



rank Solvj 
rank Solve 



7 
6 



(5.4.9) 



In eq.( 5.4.7 ) SoIvq is the solvable Lie algebra that describes the scalar sector of D = 5, N = 8 
supergravity, while the 27-dimensional abelian ideal IDg corresponds to those D = 4 scalars 
that originate from the 27-vectors of supergravity one-dimension above p3]. Furthermore, 
we can also decompose the 56 charge representation of £7(7) with respect to 0(1, 1) x E e r 6 \ 
obtaining 

56 ^ 8) (1, 27) (1, 27) (2, 1) (5.4.10) 



90 



BPS BLACK HOLES IN SUPERGRAVITY: CHAPTER 5 



In order to single out the content of the first order Killing spinor equations we need to 
decompose them into irreducible Usp(8) representations. The gravitino equation ( |5.3,13 ) is an 



8 of SU(8) that remains irreducible under Usp(8) reduction. On the other hand the dilatino 
equation ( [5.3. 12| ) is a 56 of SU (8) that reduces as follows: 

56 ^ 48 8 (5.4.11) 

Hence altogether we have that 3 Killing spinor equations in the representations 8, 8' , 48 con- 
straining the scalar fields parametrizing the three subalgebras 42, 1 and 27. Working out the 
consequences of these constraints and deciding which scalars are set to constants, which are in- 
stead evolving and how many charges are different from zero is what we will do in a later section 



5.5 . As it will be explicitly seen there the content of the Killing spinor equations after Usp(8) 
decomposition, is such as to set to a constant 69 scalar fields parametrizing Solve © JDq thus 
confirming the SLA analysis discussed in the above: indeed in this case G norm = 0(1, 1) and 
Hnorm = 1) so that there is just one surviving field parametrizing G norm = 0(1, 1). Moreover, 
the same Killing spinor equations tell us that the 54 belonging to the two (1, 27) representation 
of eq. ( |5.4.10|) are actually zero, leaving only two non-vanishing charges transforming as a 
doublet of 0(1,1). 

The 1/4 SUSY case 

Here we have n max = 4 and correspondingly the covariance subgroup of the Killing spinor 



equation is Usp(A) x SU(A) x J7(l) C SU(8). Indeed condition ( 5.4.1 ) can be rewritten as 
follows: 

7°£a = i€ ab e fc ; a, 6 = 1,..., 4 
e x = 0; X = 5,...,8 

(5.4.12) 

where C a fe = — Cb a denotes a 4 x 4 antisymmetric matrix satisfying C 2 = —1. The group Usp(4) 
is the subgroup of unimodular, unitary 4x4 matrices that are also symplectic, namely that 
preserve the matrix C. 

We are accordingly lead to decompose the solvable Lie algebra in the way we describe below. 
Recalling the decomposition with respect to the S (3 T duality subgroups given in eq.( |5.2.17| ) 
and choosing the type IIA interpretation of N = 8 supergravity we can start from eq. ( |5.2.19| ), 
which we can summarize as follows: 

Solv 7 = Solv s © Solv T © W 32 (5.4.13) 
70 = 2 + 36 + 32 . (5.4.14) 



where we have adopted the shorthand notation 

Solvs = Solv 
SoIvt = Solv 



( SL(2,R )' 

f 5(9(6,6) 
\SO(6) x SO(6) 
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dim Solvs = 2 ; rank Solvs = 1 
dim SoIvt = 36 ; rank SoIvt = 6 

(5.4.15) 



As discussed in section |5.2.5| and more extensively explained in ref.s||4Tl,||42|, the solvable Lie 
algebras Solvs and SoIvt describe the dilaton-axion sector and the six torus moduli, respec- 
tively, in the interpretation of N = 8 supergravity as the compactification of Type IIA theory 
on a six -torus T 6 J42j. The rank zero abelian subalgebra W32 is instead composed by the 32 
Ramond-Ramond scalars. 

Introducing the decomposition ( |5.4.13|) , ( |5.4.14|) we have succeeded in singling out a holon- 
omy subgroup SU(4) x SU(4) x U(l) C SU(8). Indeed we have 50(6) = SU(4). This 
is a step forward but it is not yet the end of the story since we actually need a subgroup 
Usp(4) x SU(4) x U(l) corresponding to the invariance group of the Killing spinor equation 
(|5.3.13Q , (|5. 3.121) with parameter ( f>JI%) . This means that we must further decompose the 
solvable Lie algebra SoIvt- This latter is the manifold of the scalar fields associated with vec- 
tor multiplets in an N = 4 decomposition of the N = 8 theory. Indeed the decomposition 
(5.4.13) with respect to the S-T-duality subalgebra is the appropriate decomposition of the 



scalar sector according to N = 4 multiplets. 
The further SLA decomposition we need is 



SoIvt = SoIvt5 © SoIvti 

( 50(5,6) 
S ° lVT5 = S ° lV Uo(5) x SO(6) 
/50(1,6) 



SoIvti = Solv 



V 50(6) 



(5.4.16) 



where we rely on the isomorphism Usp(4) = 50(5) and we have taken into account that the 
70 irreducible representation of SU(8) decomposes with respect to f7sp(4) x 5C/(4) x U(l) as 
follows 

70 u «M*sup*v{i) (ljl)1+T) (5)6)1) (li6il) (4)4)1) (4)4;1) (5A17) 

Hence, altogether we can write: 

Solvj = Solvs © Solvxb © SoIvti © W32 

70 = 2 + 30 + 6 +32 (5.4.18) 

Just as in the previous case we should now single out the content of the first order Killing spinor 
equations by decomposing them into irreducible Usp(4) x SU(4) x U(l) representations. The 
dilatino equations Sxabc = 0, and the gravitino equation 5ipA = 0, A, B, C = 1, . . . , 8 (SU (8) 
indices), decompose as follows 

56 Us ^ 4 l^ su ^ ( 4> 1) e 2(1,4, ) © (5, 4) © (4, 6) (5.4.19) 
8 (4,1) ©(1,4,) (5.4.20) 
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As we shall see explicitly in section |5.6| , the content of the reduced Killing spinor equations is 
such that only two scalar fields are essentially dynamical all the other being set to constant up to 
U- duality transformations. Moreover 52 charges are set to zero leaving 4 charges transforming 
in the (2, 2) representation of Sl(2, IR) x 0(1, 1). Note that in the present case on the basis of 
the SLA analysis given above, one would expect 3 scalar fields parametrizing G norm /H norrn = 
TMT^ x 0(1, 1); however the relevant Killing spinor equation gives an extra reality constraint 

57(2 

on the ; field thus reducing the number of non trivial scalar fields to two. 
The 1/8 SUSY case 

Here we have n m ax = 2 and Solvj must be decomposed according to the decomposition of 



the isotropy subgroup: SU(8) — ► SU(2) x £7(6). We showed in 44] that the corresponding 
decomposition of the solvable Lie algebra is the following one: 

Solv 7 = Solv 3 Solv* (5.4.21) 

Solv 3 = Solv (SO* (12) /U '(6)) Solv 4 = Solv (e 6{4) /SU{2) x SU(6)) 

rank Solv 3 = 3 rank Solv^ = 4 

dim Solv 3 = 30 dim Solv^ = 40 

(5.4.22) 

The rank three Lie algebra Solv 3 defined above describes the thirty dimensional scalar sector 
of N = 6 supergravity, while the rank four solvable Lie algebra Solv^ contains the remaining 
forty scalars belonging to N = 6 spin 3/2 multiplets. It should be noted that, individually, 
both manifolds exp [Solv 3 ] and exp [So/t^] have also an N = 2 interpretation since we have: 

exp [Solvs] = homogeneous special Kahler 

exp [Solv^] = homogeneous quaternionic (5.4.23) 

so that the first manifold can describe the interaction of 15 vector multiplets, while the second 
can describe the interaction of 10 hypermultiplets. Indeed if we decompose the N = 8 graviton 
multiplet in iV = 2 representations we find: 



N=1 

=8 spin 2 — ► spin 2 + 6 x spin 3/2 + 15 x vect. mult. + 10 x hypermult. (5.4.24) 



Introducing the decomposition ( [5 .4.21 ) we found in |0J that the 40 scalars belonging to Solv^ 



are constants independent of the radial variable r. Only the 30 scalars in the Kahler algebra 
Solv 3 can be radial dependent. In fact their radial dependence is governed by a first order 
differential equation that can be extracted from a suitable component of the Killing spinor 
equation. The result in this case is that 64 of the scalar fields are actually constant while 6 
are dynamical. Moreover 48 charges are annihilated leaving 6 nonzero charges transforming in 
the representation (2,2,2) of the normalizer G norm = [Sl{2, IR)] 3 . More precisely we obtained 
the following result. Up to U-duality transformations the most general N = 8 black-hole is 
actually an iV = 2 black-hole corresponding to a very specific choice of the special Kahler 
manifold, namely exp[Solv 3 ] as in eq.( 5.4.23 ),( 5.4.22| ). Furthermore up to the duality rotations 
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of SO* (12) this general solution is actually determined by the so called STU model studied in 
[48] and based on the solvable subalgebra: 



SoIvstu = Solv 



f SL(2,]R) 2 
{ U(l) 3 



C S0IV3 



(5.4.25) 



In other words the only truly independent degrees of freedom of the black hole solution 
are given by three complex scalar fields, S,T,U. This is the result we already anticipated in 



section |5.2.3| where we used the solvable Lie algebra SoIvstu as a preferred example in one 
illustration of the general concept. The real parts of the scalar fields S, T and U correspond 
to the three Cartan generators of Solv^ and have the physical interpretation of radii of the 
torus compactification from D = 10 to D = 4. The imaginary parts of these complex fields are 
generalised theta angles. 

A more detailed argument leading to the conclusion that the only relevant scalar fields in 
the 1/8 solution are those of the ST[/-model goes as follows. Let 



Q 



P A 
4e 



(5.4.26) 



be the vector of electric and magnetic charges that transforms in the 56 dimensional real 
representation of the U duality group £7(7) . Through the Cayley matrix we can convert it to 
the Usp(56) basis namely to: 

/ t Ai = Ai + ■ \ 
_ P , > (5.4.27) 



P 



Acting on Q by means of suitable £7(7) transformations, we can reduce it to a normal form: 



N 



1 

(1,1,15) 



(1-1,15) 
(1-1,15) 





"(1,1,1) 

C (l,l,15) 
C (l,l,15) 
C (l,l,15) 





V / 



(5.4.28) 



where there are only 4 complex (alternatively 8 real) independent charges and these charges 
are located in the representation (1, 1, 15) of the subgroup: 



U(l) x SU(2) x SU(6) C SU(8) C E 7{7) 



(5.4.29) 
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Indeed the general decomposition of the fundamental 56-representation of E 7 ^ with respect 
to the subgroup ( |5.4.29|) is: 



56 



real 



(1,M 



comp. 



\1, 2, 6) com p. 



(1,1,15; 



comp. 



(5.4.30) 



Consequently also the central charge Z = (z AB , Zcd^, which depends on Q through the 
coset representative in a symplectic-invariant way, through a suitable SU (8) transformation 
will be brought to its normal form where it has only 4 + 4 non-vanishing components. Since 
the decomposition of the complex 28 representation of SU(8) under the subgroup ( 5.4.29Q is 
the same as the decomposition of the real 56 of E 7 / 7 \, namely eq.( 5.4.30|) we can also write: 



/ z (i,i,i) \ 



Z 



N 



Z, 



z. 



z. 



1 

(1,1,15) 
2 

(1,1,15) 
3 

(1,1,15) 




z° 
(i,i,i) 

z 1 
(1,1,15) 

^ ^ 
(1,1,15) 

Z 3 
(1,1,15) 





V o J 



(5.4.31) 



It is an easy consequence of elementary group theory, as it was shown in [|49f| , 5C] that Q is 



invariant with respect to the action of an 0(4, 4) subgroup of E 7 ^ and its normalizer is an 
SL(2, IR) 3 C Ejrf\ commuting with it. Indeed it turns out that the eight real parameters in Q N 
are singlets with respect to 0(4, 4) and in a (2, 2, 2) irreducible representation of SL(2, IR) 3 as 
it is shown in the following decomposition of the 56 with respect to 0(4, 4) ® SX(2,IR) 3 : 



56 



(8 V ,2,1,1) © (8 8 , 1,2,1) © (8 S ,,1,1,2) © (1,2,2,2) 



(5.4.32) 



The corresponding subgroup of SU(8) leaving Z N invariant is therefore SU{2) i = SO(A) x 
SO (4) which is the maximal compact subgroup of 0(4,4). The reader should compare this 
argument with the discussion in section 4.5.1 where we have shown that SU (2) 4 is the stabilizer 
of the central charge written in normal form and where we have argued that the most general 
form of the 1/8 solution should contain 5 parameters, that is: 



5 = 56 — dim 



577(8) 
SU{2) 4 



(5.4.33) 



Indeed we can write the generic 56-dimensional charge vector Q in terms of five normal frame 



parameters plus 51 "angles" which parametrize the 51 dimensional compact space 



SU(8) 
S77(2) 4 



where 
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SU(2) is the maximal compact subgroup of the stability group 0(4,4) |51| |. This same counting 
is achieved by arguing at the level of the normalizer SX(2,]R) 3 . This latter contains a C^(l) 3 C 
SU (8) that can be used to gauge away three of the 4 phases of the 4 complex charges t A = 
p A + iq\. Independently from the path used to reach it the conclusion is 

Statement 5.4.1 The generating solution of 1/8 supersymmetry preserving N = 8 BPS black- 
holes depends on 5-essential parameters, namely four complex numbers with the same phase. 

Consider now the scalar geodesic potential defined in eq. ( 4,2.29| ) , which identically can be rewrit- 
ten as it follows: 

V(cf>) = l -Z AB {4>)Z AB {cp) 

= \Q T [iL- 1 ^)]^- 1 ^) Q (5.4.34) 



As explained in section 4.3 the minimization of the potential ( |5.4.34 ) determines the fixed 



values of the scalar fields at the horizon of the black-hole. Because of its invariance properties 
the scalar potential V(4>) depends on Z and therefore on Q only through their normal forms. 
Since the fixed scalars at the horizon of the black-hole are obtained minimizing V(4>), it can be 
inferred that the most general solution of this kind will depend (modulo duality transformations) 
only on those scalar fields associated with the normalizer of the normal form Q N . Indeed the 
dependence of V(4>) on a scalar field is achieved by acting on Q in the expression of V(4>) by 
means of the transformations in Solvj associated with that field. Since at any point of the 
scalar manifold V((f>) can be made to depend only on Q , its minimum will be defined only 
by those scalars that correspond to transformations acting on the non-vanishing components 
of the normal form (normalizer of Q N ). Indeed all the other isometries were used to rotate 
Q to the normal form Q . Among those scalars which are not determined by the fixed point 
conditions there are the flat direction fields namely those on which the scalar potential does 
not depend at all: 

d 

fiat direction field q f «-► — V(<b) = (5.4.35) 

8q f 

Some of these fields parametrize Solv (0(4,4)/ 0(4) x 0(4)) since they are associated with 
isometries leaving Q N invariant, and the remaining ones are obtained from the latter by means 
of duality transformations. In order to identify the scalars which are flat directions of V(4>), let 
us consider the way in which Solv (0(4, 4)) is embedded into SoIvt. To this effect we start by 
reviewing the algebraic structure of the solvable Lie algebras Solv 3 and Solv^ defined by eq.s 



( 5.4.22 ) Since Solv^ and Solv^ respectively define a special Kahler and a quaternionic manifold, 



it is useful to describe them in Alekseevski's formalism [f43j], 
Solv^ : 

Solv 3 = Fi F 2 © F 3 © X © Y 

Fi = {hi, gi } 1 = 1,2,3 

X = X+ © X" = X NS © Xrr 

Y = Y + © Y~ = Yns © Yrr 

Z = Z+ © Z" = Z NS © Zrr 
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Solv(SU(3,3)t 
Solv (SL(2,IR) 3 

dim(Fi) 

dim (y ns/rr ) 
[hi , gi] 
, 

[ha , Y±] 
[h 3 , x±] 

[h 2 , Z±] 

[g 3 , Y+] 
[g3, Y-] 

[x- , z-] 



F ± © F 2 F 3 © Yat S © Z NS 

F x © F 2 © F 3 

X Rfi © Y M © Z RR 

2; dim (Xjv 5/flfl ) = dim (X ± ) = 4 



dim(Y ± ) = dimfj 
gi i = 1,2,3 
.Vj 



'NS/RR 



dim(Z ±N ) 



4y 



± 



±-X* 
2 

2 

[g 2 , Z+] = [ga , X+ 
Y+ ; [ga , Z-] = Z 
[F 2 , Y] = [F 3 , Z] = 
Y 



[g 3 , x-] = X^ 



(5.4.36) 



Solv 4 : 



Solv 4 = F © F[ © F' 2 © 



Sol?;(SL(2,IR)) © 5o/u(5C/(3,3) 2 ) 



F 

[F , Solv(SU(3,3) 2 )} 
[go , W 20 ] 

[Solv(SL(2,JR)) © SoZu (£17(3,3)2) , W 20 ] 



>X', 



NS 



NS 



Z' NS © W 20 



F[ © F 2 © F 2 



ATS 1 



{ho , go} [h , go] = go 

{h^ga z = 1,2,3 

0; [h , W 20 ] = ^W 20 

[go, Solv (SU (3, 3)2)} = 

W 20 (5.4.37) 



The operators hi i = 1,2,3 are the Cartan generators of 50*(12) and gi the correspond- 
ing axions which together with hj complete the solvable algebra SoIvstu = Solv (SX(2, IR) 3 ) 
Referring to the description of Solv^ given in eqs. (5.4.37): 



Solv (0(4,4)) C Solvi 

Solv (0(4,4)) = F © F{ © F' 2 © F' z © W 8 



(5.4.38) 



where the R-R part Ws of SoZv (0(4, 4)) is the quaternionic image of F © 

F[ ® F' 2 @ F 3 in W 2 o- Therefore Solv (0(4, 4)) is parametrized by the 4 hypermultiplets con- 
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taining the Cartan fields of Solv (Eq^j. One finds that the other flat directions are all the 
remaining parameters of Solv 4, that is all the hyperscalars. 

Alternatively we can observe that since the hypermultiplet scalars are flat directions of the 
potential, then we can use the solvable Lie algebra Solv^ to set them to zero at the horizon. Since 
we know from the Killing spinor equations that these 40 scalars are constants it follows that we 
can safely set them to zero and forget about their existence (modulo U-duality transformations). 
Hence the non zero scalars required for a general solution have to be looked for among the vector 
multiplet scalars that is in the solvable Lie algebra Solv% . In other words the most general N = 8 
black-hole (up to U-duality rotations) is given by the most general N = 2 black-hole based on 
the 15-dimensional special Kahler manifold: 

S^exp[ Sofa3 ]= y(1)x y (6) (5.4.39) 

Having determined the little group of the normal form enables us to decide which among the 
above 30 scalars have to be kept alive in order to generate the most general BPS black-hole 
solution (modulo U-duality). 

We argue as follows. The normalizer of the normal form is contained in the largest subgroup 
of £7(7) commuting with 0(4,4). Indeed, a necessary condition for a group G N to be the 
normalizer of Q N is to commute with the little group G = 0(4, 4) of Q N : 

Q' N = G N • Q N Q N = G L ■ Q N 



Q' iV = G ■ Q' N [G N , G h \ =0 (5.4.40) 

As previously mentioned, it was proven that G N = SL(2,M) 3 C SO* (12) whose solvable 
algebra is defined by the last of eqs. ( |5.4,36| ). Moreover G N coincides with the largest subgroup 
of S0IV7 commuting with G . 

The duality transformations associated with the SL(2, H) 3 isometries act only on the eight non 
vanishing components of Q N and therefore belong to Sp(8). 

In conclusion the most general N = 8 black-hole solution is described by the 6 scalars 
parametrizing SoIvstu = Solv (SX(2,]R) 3 ) ; which are the only ones involved in the fixed point 
conditions at the horizon. 

Another way of seeing this is to notice that all the other 64 scalars are either the 16 pa- 
rameters of Solv (0(4,4)) which are flat directions of V (</>), or coefficients of the 48 = 56 — 8 
transformations needed to rotate Q into Q N that is to set 48 components of Q to zero as shown 
ineq. (jXgg) . 



Therefore in section 5.7 we shall reduce our attention to the Cartan vector multiplet sector, 



namely to the 6 vectors corresponding to the solvable Lie algebra Solv (SX(2,IR)). 



5.5 Detailed study of the 1/2 case 

As established in section |5.4| , the TV = 1/2 SUSY preserving black hole solution of N = 8 
supergravity has 4 equal skew eigenvalues in the normal frame for the central charges. The 
stabilizer of the normal form is -£^(6) an d the normalizer of this latter in £7(7) is O (1, 1): 



#7(7) ^ E m x O (1, 1) 



(5.5.1) 
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According to our previous discussion, the relevant subgroup of the SU (8) holonomy group 
is Usp(8), since the BPS Killing spinor conditions involve supersymmetry parameters €a, £ A 
satisfying eq.( |5.4.5| ). Relying on this information, we can write the solvable Lie algebra decom- 
position ( |5.4.7| ), ( [5.4.8 ) of the a— model scalar coset 1 "' 



51/(8) ' 



As discussed in the introduction, it is natural to guess that modulo [/—duality transforma- 
tions the complete solution is given in terms of a single scalar field parametrizing O (1,1). 

Indeed, we can now demonstrate that according to the previous discussion there is just one 
scalar field, parametrizing the normalizer O (1, 1), which appears in the final lagrangian, since 
the Killing spinor equations imply that 69 out of the 70 scalar fields are actually constants. 
In order to achieve this result, we have to decompose the SU (8) tensors appearing in the 



equations (|5.3.12|) , (|5.3.13[) with respect to Usp(8) irreducible representations. According to 
the decompositions 



we have 



Pabcd 
Tab 



70 ^ (8) 4202701 
28 ^ (8) 27 1 



3 o 1 
Pabcd +-^C[ab Pcd] +-^C^ ab C C d}P 

1 



(5.5.2) 



Tab +t;CabT 



(5.5.3) 



where the notation tA 1 ...,A n means that the antisymmetric tensor is Usp(8) irreducible, namely 

has vanishing C-traces: C AlA2 tA 1 A 2 ...,A n = 0. 

Starting from equation (5.3.12) and using equation ( 5.4.5| ) we easily find: 



4Pa7 a 7°-6T afe7 ao = 0, 



ab 



(5.5.4) 



where we have twice contracted the free Usp(8) indices with the Usp(8) metric Cab- Next, 
using the decomposition ( 5.5.3 ), eq. ( [5.3.12]) reduces to 



3 o 



- 4 [PABCD^a +- P[CD,a C A B] ) C D V 7 ° - 3 T [A B 5tyf° = • 

Now we may alternatively contract equation ( |5.5.5 ) with C or 5^, obtaining two relations on 

o o 

P ab and T ab which imply that they are separately zero: 



(5.5.5) 



Pab=Tab= 0. 
which also imply, taking into account ( 5.5. 5| ) 

o 

Pabcd= . 

Thus we have reached the conclusion 

P ABCD\i d^e D 
Pab {i d^e B 
Tab 



(5.5.6) 
(5.5.7) 



(5.5.8) 
(5.5.9) 
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implying that 69 out the 70 scalar fields are actually constant, while the only surviving central 
charge is that associated with the singlet two-form T. Since Tab is a complex combination of 
the electric and magnetic field strengths 5.3.15, it is clear that eq. 5.5.9] implies the vanishing 
of 54 of the quantized charges p AS , qas jthe surviving two charges transforming as a doublet of 
0(1, 1) according to eq. ( |5,4.10 ), The only non-trivial evolution equation relates P and T as 
follows: 



Pd^ 



e A = 



(5.5.10) 



where we have set P = Pd& and $ is the unique non trivial scalar field parametrizing 0(1, 1). 

In order to make this equation explicit we perform the usual static ansatze. For the metric 
we set the ansatz ( 3.1.1 ). The scalar fields are assumed to be radial dependent as generally 
stated in eq. ([3.1.3 ) and for the vector field strengths we assume the ansatz of eq.( 3.6.4 ) which 
adapted to the £7(7) notation reads as follows: 



-AS 



i AS (r) 



— t AS (r)E^ 
Air 

2vr( 5 + i£(r)) AS 



(5.5.11) 
(5.5.12) 



The anti self dual form £H was defined in eq. flOU ) . Using (glTf ) , ( f3J ) , ( gTjUg ) , flOU ) , (|5JllD 
we have 



T- 6 = i t^(r)^C^ImAA AS , rA /^ B 
A simple gamma matrix manipulation gives further 

* 2U /±l+75 



lab 



2i- 



. 
-x 77 



and we arrive at the final equation 



— = - 1 — l(r) K ^\mN, 
ar 4 



AS|rA J AS 72" • 



(5.5.13) 



(5.5.14) 



(5.5.15) 



In eq. ( |5.5.15| ), we have set p AS = since reality of the l.h.s. and of /^(see eq. ( |5.5.30]) ) imply 
the vanishing of the magnetic charge. Furthermore, we have normalized the vielbein component 
of the U sp(8) singlet as follows 

P = 4V3 (5.5.16) 
which corresponds to normalizing the Usp(8) vielbein as 



■^(singlet) 
ABCD 



—PC 
16 



[ab^cd] 



-^-C[ AB C CD ] d<!> . 



(5.5.17) 



This choice agrees with the normalization of the scalar fields existing in the current literature. 
Let us now consider the gravitino equation ( |5.3.13j ). Computing the spin connention u a b from 
equation ( |3.1.1 ), we find 



u> 



0/ 



dU x 1 
dr r 



JJ(r)yO 



uJ 



'J 



dr r 



(5.5.18) 
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where V° = e u dt, V % = e u dx l . Setting ea = e-^^CAj where Qa is a constant chiral spinor, we 
get 



df x l 
dr r 



e f+U § Byi + n B ad ,^a e fy 



\ ( 7 Q 7V° + ^V 3 ) )5 b a+ 5 B a WV 7 V C \q b = (5.5.19) 



where we have used eqs. ([5.3.13fl , ( 5.3.14 ), ( 5.5.3j) . This equation has two sectors; setting to 
zero the coefficient of V° or of V tr y %;1 and tracing over the A, B indices we find two identical 
equations, namely: 



dU 
dr 



(5.5.20) 



Instead, if we set to zero the coefficient of V 1 , we find a differential equation for the function 
/ (r), which is uninteresting for our purposes. Comparing now equations ( 5.5.15 ) and ( [5.5.20) ) 
we immediately find 

$ = 2V3U (5.5.21) 

5.5.1 Explicit computation of the Killing equations and of the reduced La- 
grangian in the 1/2 case 

In order to compute the l.h.s. of eq.s (|5.5.15[) , ( |5.5.2C| ) and the lagrangian of the 1/2 model, 
we need the explicit form of the coset representative IL given in equation ( 5.3.1| ). This will also 
enable us to compute explicitly the r.h.s. of equations ( 5.5.15[) , ( |5.5.20| ). In the present case the 
explicit form of IL can be retrieved by exponentiating the Usp (8) singlet generator. As stated 
in equation ( 5.3.3j ), the scalar vielbein in the Usp (28, 28) basis is given by the off diagonal block 
elements of IL~ dTL, namely 

P = ( Pabcd TA CD ) ■ 
From equation (5.5.17), we see that the Usp (8) singlet corresponds to the generator 

/ 



V3 
4 






C [AB C HL] 


C[cdCrs] 






(5.5.23) 



and therefore, in order to construct the coset representative of the O (1, 1) subgroup of £7(7), 
we need only to exponentiate <£IK. Note that IK is a Usp (8) singlet in the 70 representation of 
SU (8), but it acts non-trivially in the 28 representation of the quantized charges (qAB,P AB ^J- 
It follows that the various powers of IK are proportional to the projection operators onto the 
irreducible Usp(8) representations 1 and 27 of the charges: 



Pi 



1 



IP27 



C Crs 
1 ~fAB 



C AB C RS ). 



(5.5.24) 
(5.5.25) 
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Straightforward exponentiation gives 
exp(<£IK) = cosh 



cosh (-^$) Pi + ^sinh (^$) PiKFi 



(5.5.26) 
(5.5.27) 



Since we are interested only in the singlet subspace 



Piexp[$IK]Pi = cosh(^$)Pi + isinh(^$)PiKPi 



P 



singlet 



cosh{&<f>)C AB C CD 


smh(^)C AB C FG ' 


smh(^)C C DC L M 


cosh(^)Cc M C FG , 



(5.5.28) 
(5.5.29) 



Comparing ( |5.5.29| ) with the equation ( |5.3.1| ) , we find 0: 



1 s/3 



8\/2 



/? 



e 2 ®CabCcd 



8^/2 



and hence, using J\f = hf \ we find 

Nab cd = — 1 o ^^^CabCcd 



(5.5.30) 
(5.5.31) 

(5.5.32) 



so that we can compute the r.h.s. of ( |5.5.15| ), ( |5.5.20| ). Using the relation (5.5.21) we find a 
single equation for the unknown functions U (r), i (r) = Cae^ AS ( r ) 



dr 8\/2 r 2 6 



(5.5.33) 



At this point to solve the problem completely we have to consider also the second order field 
equation obtained from the lagrangian. The bosonic supersymmetric lagrangian of the 1/2 



preserving supersymmetry case is obtained from equation ( 5.3.5 ) by substituting the values of 
Pabcd and A/jvEirA given in equations ( 5.5.17 ) and Q5.3.7 ) into equation ( [5.3. 5 ). We find 



C = 2R- e~^F au F^ + ^d v <W<I> 



1 . 

2 v 



(5.5.34) 



Note that this action has the general form of 0-brane action in D = 4 (compare with eq.( |2.1.i| )) . 
Furthermore recalling eq.s ( |3,1.14| ), we see that the value of the parameter a is 



a 



(5.5.35) 



2 Note that we are we are writing the coset matrix with the same pairs of indices AB, CD, . . . without distinc- 
tion between the pairs AE and AB as was done in sect. (5.3) 
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According to this we expect a solution where: 

U = -J log H(r) 
$ = log H(r) 

I = 2r 3 (H(r)y^ = k x (H(r))~% (5.5.36) 

where H(r) = 1 + k/r denotes a harmonic function. In the next subsection, by explicit calcu- 
lation we show that this is indeed the BPS solution we obtain. 



5.5.2 The 1/2 solution 

The resulting field equations are 
Einstein equation: 



U" + -U' - OJ) 2 = -($') 2 (5.5.37) 
r 4 



Maxwell equation: 

d 



Dilaton equation: 



, (e-^*£(r)) = (5.5.38) 
dr 



<3?" + = - e -^+ 2U £(r) 2 ^ . (5.5.39) 



From Maxwell equations one immediately finds 

£(r) = e y/ **( r \ (5.5.40) 



Taking into account (5.5.21), the second order field equation and the first order Killing spinor 
equation have the common solution 

U = ~]ogH(x) 
$ = -^logH(x) 

I = H{x)~l (5.5.41) 

where: 

H <?) = 1 + E (5-5-42) 

i 1 

is a harmonic function describing 0-branes located at afg for I = 1, 2, . . ., each brane carrying a 
charge k{. In particular for a single 0-brane we have: 

k 

H(x) = 1 + - (5.5.43) 
and the solution reduces to the expected form ( |5.5,36j ). 
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Recall also from eg. ( |3, 1.14 ) that for a = \/3 we have A = 4. As it is shown in ref.[14] the 
parameter A is a dimensional reduction invariant so that we trace back the higher dimensional 
origin of the 1/2 BPS black hole from such a value. If we interpret N = 8 supergravity as the T 7 
compactification of M-theory we can compare our present four-dimensional 0-brane solution 
with an eleven-dimensional M2-brane solution. They both have A = 4 and preserve 1/2 of 
the 32 supersymmetry charges. We can identify our present black hole with the wrapping of 
the M2-brane on a 2-cycle of the seven-torus. 

What we have shown is that the most general -BPS'-saturated black hole preserving 1/2 of 
the N = 8 supersymmetry is actually described by the lagrangian ( [5.5.34] ) with the solution 
given by ( |5.5.41| ), in the sense that any other solution with the same property can be obtained 
from the present one by an £7(7) (U-duality) transformation. 



5.6 Detailed study of the 1/4 case 

Solutions preserving | of N = 8 supersymmetry have two pairs of identical skew eigenvalues 
in the normal frame for the central charges. In this case the stability subgroup preserving the 
normal form is O (5, 5) with normalizer subgroup in E^j) given by SX(2,IR) x 0(1,1) (see 
|p7||), according to the decomposition 

E (7J) D O (5, 5) x SL (2, R) x O (1, 1) = G stab x G norm (5.6.1) 

The relevant fields parametrize — ^fey^ x O (1, 1) while the surviving charges transform in the 
representation (2,2) of SL(2,JR) x 0(1,1). The group SL (2,IR) rotates electric into electric 
and magnetic into magnetic charges while 0(1,1) mixes them. 0(1, 1) is therefore a true 
electromagnetic duality group. 

5.6.1 Killing spinor equations in the 1/4 case: surviving fields and charges. 

The holonomy subgroup SU (8) decomposes in our case as 

SU (8) -► Usp (4) x SU (4) x U (1) (5.6.2) 

indeed in this case the killing spinors satisfy ( |5.4.12j ) where we recall the index convention: 

A, B = 1 ... 8 SU(8) indices 
a, b = 1 ... 4 Usp{4) indices 

X,Y = 5...8 SU(4) indices (5.6.3) 



and C a b is the invariant metric of U sp (4) . With respect to the holonomy subgroup 

SU (4) x Usp (4), Pabcd and Tab appearing in the equations (5.3.12), (5.3.13) decompose as 

follows: 



70 

28 



Usp(4) x 5(7(4) 
Usp(A) x SU{A) 



(1,1) 0(4,4)0(5,6) ©(1,6) 
(1,6)0(4,4)0(5,1)0(1,1) 



(4,4)0(1,1) 



(5.6.4) 
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We decompose eq. (5.3.12) according to eq. (5.6.4). We obtain: 



5xxyz 

SXaXY 

O 

<5 XabX 
bXabc 



C ab 6 Xab x = 



(5.6.5) 
(5.6.6) 
(5.6.7) 
(5.6.8) 



l ab t 

= C[ ab 5xc] = 0. 
From Sxxyz = we immediately get: 

PxYZa,ad^ a = (5.6.9) 

by means of which we recognize that 16 scalar fields are actually constant in the solution. 
From the reality condition of the vielbein Pabcd (equation (5.3.4) ) we can also conclude 



P 



'Xabc = Px[a,Cbc] ~ 

so that there are 16 more scalar fields set to constants. 
From bxaXY = we find 







(5.6.10) 



where we have set 



PxY,id^^l°e a = TxY^ea 

PxYabAda& = 



PxYab —PxYab + ^C ao PxY 



(5.6.11) 

(5.6.12) 
(5.6.13) 



Note that equation ( |5.6.12j ) sets 30 extra scalar fields to constant. 
From 5xxab = 0, using ( |5.6.10 ), one finds that also Tx a = 0. 
Finally, setting 



Pabcd 
Tab 



C[abC c d]P 
1 

Tab +-C a &T 



the Killing spinor equation 5xabc = C^Sxc] = yields: 



16 



Tab 

T^r u e a 



(5.6.14) 
(5.6.15) 



(5.6.16) 
(5.6.17) 



Performing the gamma matrix algebra and using equation ( |5.5.14j ) , the relevant evolution equa- 
tions (|5.6.1l|) , Q5.6.17 ) become 



Pa 



Pxy 



dr 

d¥ 

dr 



£ (p + it (r)) AS lmN A x,FAf l %C 



rA nAB 



2i(p + i^(r)) AS InW A s,rA/ i ^y 



rA 



,v 



(5.6.18) 
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According to our previous discussion, PxY,i is the vielbein of the coset , which can be 

reduced to depend on 6 real fields 3> l since, in force of the SU (8) pseudo-reality condition 
( |5.3.4| ), PxY,i satisfies an analogous pseudo-reality condition. On the other hand Pj is the 
vielbein of ^uny^ , and it is intrinsically complex. Indeed the SU (8) pseudo-reality condition 
relates the SU (4) singlet Pxyzw to the Usp (4) singlet P a bcd- Hence Pj depends on a complex 
scalar field. In conclusion we find that equations ( |5.6.18| ) are evolutions equations for 8 real 
fields, the 6 on which PxY,i depends plus the 2 real fields sitting in Pj. However, according to the 
discussion given above, we expect that only three scalar fields, parametrizing ^jkj^ x O (1, 1) 
should be physically relevant. To retrieve this number we note that 0(1,1) is the subgroup of 
O (1, 6) which commutes with the stability subgroup O (5, 5), and hence also with its maximal 
compact subgroup U sp (4) x Usp (4) . Therefore out of the 6 fields of we restrict our 

attention to the real field parametrizing O (1, 1), whose corresponding vielbein is C XY Pxy = 
P\dff>\. Thus the second of equations (|5.6.18|) can be reduced to the evolution equation for the 
single scalar field $i, namely: 



d® 1 



u 



Pl-T- = -2i{ry^lmN^TAfxY T ( 5 - 6 - 19 ) 
ar r z 

In this equation we have set the magnetic charge p AS = since, as we show explicitly later, the 
quantity ImJvAE.rA/ 1 ^, is actually real. Hence, since the left hand side of equation ( |5.6.1S| ) 
is real, we are forced to set the corresponding magnetic charge to zero. On the other hand, 
as we now show, inspection of the gravitino Killing spinor equation, together with the first 



of equations ( 5.6.18 ), further reduces the number of fields to two. Indeed, let us consider the 
6ipA = Killing spinor equation. The starting equation is the same as (|5.5.19| ), ( |5.3,15| ). In the 
present case, however, the indices A,B,... are SU (8) indices, which have to be decomposed 
with respect to SU (4) x Usp (4) x U (1). Then, from 5^x = 0, we obtain 

^x = 0; T Xa = (5.6.20) 

From 5ip a = we obtain an equation identical to Q5.5.19Q with SU (8) indices replaced by 
SU (4) indices. With the same computations performed in the Usp (8) case we obtain the final 
equation 

f = -\t (r) AS ^0«W AS ,rA/ r i , (5-6.21) 

where we have taken into account that O ab ImA/AE,rA./' r f{, must be real real, implying the 
vanishing of the magnetic charge corresponding to the singlet of U (1) x SU (A) x Usp (4). 
Furthermore, since the right hand side of the equation (5.6.18) is proportional to the right 



hand side of the gravitino equation, it turns out that the vielbein Pj must also be real. Let 
us name <E>2 the scalar field appearing in left hand side of the equation fl5.6.18p , and P2 the 
corresponding vielbein component. Equation (5.6.18) can be rewritten as: 



P ^ = -^« AS I^AE ) rA/ r iy C XY ^ (5.(k22) 
ar 8 r z 



In conclusion, we see that the most general model describing PP5-saturated solutions 
preserving | of N = 8 supersymmetry is given, modulo £7(7) transformations, in terms of two 
scalar fields and two electric charges. 
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5.6.2 Derivation of the 1/4 reduced lagrangian in Young basis 

Our next step is to write down the lagrangian for this model. This implies the construction of 
the coset representative of ^jjny^ x O (1, 1) in terms of which the kinetic matrix of the vector 
fields and the c-model metric of the scalar fields is constructed. 

Once again we begin by considering such a construction in the Young basis where the 
field strengths are labelled as antisymmetric tensors and the £7(7) generators are written as 
Usp(28, 28) matrices. 

The basic steps in order to construct the desired lagrangian consist of 

1. Embedding of the appropriate <SX(2,IR) x 0(1,1) Lie algebra in the U spy (28, 28) basis 
for the 56 representation of £7(7) 

2. Performing the explicit exponentiation of the two commuting Cartan generators of the 
above algebra 

3. Calculating the restriction of the 1L coset representative to the 4— dimensional space 
spanned by the U sp(4) x U sp(4) singlet field strengths and by their magnetic duals 

4. Deriving the restriction of the matrix A/"as to the above 4-dimensional space. 

5. Calculating the explicit form of the scalar vielbein p ABCD a nd hence of the scalar kinetic 
terms. 

Let us begin with the first issue. To this effect we consider the following two antisymmetric 
8x8 matrices: 



c 












Q,AB = —^BA 












c 



(5.6.23) 



where each block is 4 x 4 and the non vanishing block C satisfies 0: 



C 1 



-c 



c 2 



(5.6.24) 



The subgroup Usp(A) x Usp(4) C SU(8) is defined as the set of unitary unimodular matrices 
that preserve simultaneously w and S7: 



A G Usp{A) x Usp{A) C SU{8) 



A^wA = w and A^QA = 



(5.6.25) 



Obviously any other linear combinations of these two matrices is also preserved by the same 
subgroup so that we can also consider: 



T AB = 2 ^ WAB ± ^ A£f ) 



c 








±c 



(5.6.26) 



Introducing also the matrices: 



KAB 



1 












Hab 












1 



(5.6.27) 



3 The upper and lower matrices appearing in ujab and in Qab are actually the matrices Cat, a,b — 1, 
and Cxy X, Y = 1, . . . , 4 used in the previous section. 
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we have the obvious relations: 



-WAC ^CB 



Uab 



-Qac ^cb 



(5.6.28) 



In terms of these matrices we can easily construct the projection operators that single out from 
the 28 of SU (8) its Usp(4) x Usp(4) irreducible components according to: 



28 



Usp(4)xUsp(4) 



(i, o) e (o, i) e (5, o) e (o, 5) © (4, 4) 



(5.6.29) 



These projection operators are matrices mapping antisymmetric 2-tensors into antisymmetric 
2-tensors and read as follows: 



IP 
P 
P 
P 
P 



(1,0) 
AB RS 

(0,1) 
AB RS 

(5,0) 
AB RS 

(0,5) 
AB RS 

(4,4) 



- WAB VORS 



AB RS — 

We also introduce the following shorthand notations: 



1 

4 

- Qab &rs 

- (nar ttbs - kas kbr) - - wab wrs 
2 (Har n BS - Has Hbr) - ^ ^ab Qrs 

- (karTIbS + RARKBS - ^AS^-BR ~ ^AS^Br) 



(5.6.30) 



pAB 
l RS 



j AB 
L RS 



= 2 ( n AR^BS - T^AS^BR.) 

= o (RarH-bs - HasKbr) 



U 



ABCD — 



W 



ABCD 



tABCD 



w^ AB w CD ^ 

w^ AB n CD ^ 



i 

3 
1 

3 
1 



—AB CD , AC „DB , AD BC 

w w + w w + w w 



Q AB qCD + Q AC n DB + Q AD Q BC 
w AB n CD +zu AC n DB w AD n BC 



+ n AB vj cd + n AC vj db + n AD w BC 



Then by direct calculation we can verify the following relations: 



Zabrs Zrsuv = g (tPabuv + ^ 
4 



(0,1) ^(4,4) > 

AB UV AB UV , 



Uabrs Ursuv 



nAB 
l UV 



Wabrs Wrsuv = t: L§ b 



4 
9 



(5.6.31) 



(5.6.32) 



Using the above identities we can write the explicit embedding of the relevant SL(2, P) x 0(1, 1) 
Lie algebra into the E 7 ^ Lie algebra, realized in the Young basis, namely in terms of Usp(28, 28) 
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matrices. Abstractly we have: 

SL{2, M) algebra — ► 

0(1, 1) algebra — ► C (5.6.33) 



[L+, L-] = 2L 
[L ,L±] = ±L ± 



and they commute [C , L±] = [C , Lq] = 

The corresponding £7(7) generators in the 56 Young basis representation are: 



L 










3 (jjABFG _|_ yyABFG^ 


f (Ulmcd + Wlmcd) 






C 



±3 


( fAB _ tAB\ 
y l CD ^CD j 




if 


f JjABFG _ y^ABFG\ 




— i | {Ulmcd — Wlmcd) 




( dLM tLM\ 
\^FG n FG J 








3 gABFG 








(5.6.34) 



The non-compact Cartan subalgebra of SL(2,TR) x 0(1,1), spanned by Lq , C is a 2-dimen- 
sional subalgebra of the full E 7 ^ Cartan subalgebra. As such this abelian algebra is also 
a subalgebra of the 70-dimensional solvable Lie algebra Solvj defined in eq. fl5Xg ). The 



scalar fields associated with Lq and C are the two dilatons parametrizing the reduced bosonic 
lagrangian we want to construct. Hence our programme is to construct the coset representative: 

IL($i,$ 2 ) = exp [$ X C + $ 2 £o] (5.6.35) 

and consider its restriction to the 4-dimensional space spanned by the U sp(4) x Usp{4) singlets 
wab and &ab- Using the definitions ( 5.6.30| ) and ( p\6.31| ) we can easily verify that: 



and similarly: 



70(1,0) 3 7 RSUV 70(1,0) _ n 

AB RS 4 ^ ^UV PQ — u 

7p(0,l) 3 yRSUV tp (0,1) _ n 

AB RS 4 ^ ^Py PQ — u 

7p(l,0) 3 jjs-ov (0,1) 1 

^ABRS^ Z ^UV PQ ~ g^ABltpQ 

7p(0,l) 3 ^[/y (1,0) _ 1 

AS 4 % pg - g^AP^PQ 



7p(l,0) 3 (rjRSUV , U/ RSUV\ 70(0,1) _ „ 

^AP PS 7 V u "i - J ^C/V PQ — u 

7p(0,l) 3 (ttRSUV , W PSWA 70(0,1) _ 170(0,1) 

^ap rs 4 V u "i~ J ^t/y pq - 2 AB P( 2 

7p(0,l) 3 yRSUV 70(1,0) _ n 

^AP PS 4 ^C/yiPQ ~~ u 



(5.6.36) 



(5.6.37) 
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This means that in the 4-dimensional space spanned by the Usp{4) x Usp{A) singlets, using 

(5.6.38) 



also the definition ( 5,6.26| ) and the shorthand notation 

-± _ $2 ± $1 



the coset representative can be written as follows 



exp [$iC + $ 2 ^o] = 

cosh $+ g rj; B t+ d + cosh $~ | t ab t cd | sinh $+ | r+ B r+ D + sinh $~ i rJ D 



sinh <£>+ i t£ b r^ D + sinh $ | r 4 R T nn \ cosh | r| R r^ n + cosh $ ± r 4 R r, 



2 AS 'CD 



2 AS 'CD 



2 AD 'CD 



(5.6.39) 



Starting from eq.( 5.6.39|) we can easily write down the matrices Jab cd, ^ab cd and Nab cd- 
We immediately find: 



Jab cd 

h>AB CD 

Nab cd 



(exp[$+] - t^r + exp[$ ] ^ t ab t cd^J 



i 

"71 

i 

4 



exp[-$+] - t\ b r+ D + exp[-$ ] - t ab t cd 



exp[-2 $+] - t\ b t+ d + exp[-2 $ }\t ab t cd 



(5.6.40) 



To complete our programme, the last point we have to deal with is the calculation of the scalar 
vielbein p ABCD . We have: 

JL -1 ($i,$ 2 )dlL($i,$2) = 

3 ' ' ' 

4 






d$l ZABFG + ^jjABFG + W ABFG} 


d$1 Z LMCD + d ^ (pLMCU + W LMVD} 






so that we get: 



pADCD = 3 ^ABCD 



+ 



3 / . - SLY D , ^j/AD< '/> \ 



d$2 T (V 



and with a straightforward calculation: 



pABCD P M 

^/Li ABCD 



Hence recalling the normalizations of the supersymmetric N = 8 lagrangian ( 5.3.5| ) 
ducing the two U sp(4) x C7 sp(4) singlet electromagnetic fields: 



1 



1 



2\/2 ^ ab 2-^/2 
we get the following reduced Lagrangian: 



A 2 U + 26 non singlet fields 



(5.6.41) 
(5.6.42) 

(5.6.43) 
and intro- 

(5.6.44) 



,1/4 

''red 



2R[g] + ifl^^i + i^ 2 ^2 
exp [-$i - $2] (^) 2 - exp [$! - $ 2 ] (i^/f 



(5.6.45) 



110 



BPS BLACK HOLES IN SUPERGRAVITY: CHAPTER 5 



Redefining: 

$i = V2hi ; <£> 2 = h 2 
we obtain the final standard form for the reduced lagrangian 



(5.6.46) 



1/4 
red 



1 



1 



-a 

exp 



2 R[g] + 2 d » h i dflh i + 2 ^ 2 0*% 



V2h!- h 2 ] (F^) 2 - exp [V2/11 - fo] (^l) 2 (5.6.47) 



5.6.3 Solution of the reduced field equations 



We can easily solve the field equations for the reduced lagrangian (|5.6.47| ). The Einstein equa- 
tion is 

U" + lu'-{U'f = \{h' 1 f + \{h' 2 )\ (5.6.48) 

the Maxwell equations are 



V2h[ - h' 2 
-y/2h'i — h' 2 



(5.6.49) 



the scalar equations are 



h'l + -h\ 

r 

2 

h 2 + -h' 2 

r 



V2r 



,V2h 1 -h 2 +2U p2 -V2h 1 -h 2 +2U p2 



1 ( p V2h!- 

2r 4 V K 



h 2 +2U g2 + e -V2h 1 -h 2 +2U £2 



The solution of the Maxwell equations is 

4(r) = £ ie ^h 1+ h 2 
£ 2 (r) = £ 2 e-^ hl+h2 



(5.6.50) 



(5.6.51) 



where 



ii (00) 
£2 (00) 



(5.6.52) 



U 



1 . H X 
7=2 H~2 



log #i# 2 



In HtH 2 



(5.6.53) 
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and 



#i(r) 
H 2 (r) 



1 + 



x — x 
I 2 



(i) 

i 

w 



(5.6.54) 



are a pair of harmonic functions. 

We can summarize the form of 1/4 solution writing: 



ds 2 
hi 
h 2 

F l,2 



{Hi H 2 ) 



-1/2 



(#1 H 2 ) 1/2 (dr 2 + r 2 dft 2 ) 



1 . Hi 

ilog^^] 

-dt A dx • — (#1,2) 



(5.6.55) 



Let us now observe that by specializing eq.s(5.6.55) to the case where the two harmonic functions 
are equal H\{r) = H 2 (r) = H{r) we exactly match the case a = 1, A = 2 of eq.( 3.1.14 ). Indeed 
for this choice we have hi = and the two vector field strengths can be identified since they are 
identical. The metric, the surviving scalar field h 2 and the electric field they all have the form 
predicted in eq. ( 13.1.14| ). Looking back at eq. (|5X47|) we see that the parameter a for h 2 is indeed 
a = 1 once hi is suppressed. This explains why we claimed that the a = 1 0-brane corresponds 
to the case of 1/4-preserved supersymmetry. The generating solution for 1/4 BPS black-holes 
is more general since it involves two harmonic functions but the near-horizon behaviour of all 
such solutions is the that of a = 1 model. Indeed near the horizon r = all harmonic functions 
are proportional. 



5.6.4 Comparison with the Killing spinor equations 

In this section we show that the Killing spinor equations ( |5.6.19| ) , ( |5.6.22| ) are identically satisfied 
by the solution ( |5.6,55| ) giving no further restriction on the harmonic function Hi , H 2 . Using 
the formalism developed in section 5.6.2j the equations ( |5.6.19| ), ( |5.6.22| ) can be combined as 
follows: 



16 p d$2 ±p d$i 
3 dr dr 



-2l{r)^r^ AB lmN^n B ^ 



where 



abed 



P 2 d<5> 2 
Pid$i 

furthermore, using equations ( [5.6.40 ) , we have 



-U 



ABCD 



Pabcd 



3 ,^ 
t^ 2 



c XY c a b p xYab = zABCDp^ = ^ 



IioA/asta/ ab 



hi 



2^/2 



e *+ r (+)AS r (+)AB + e -*_ T (-)A53 T (-)4fl 



(5.6.56) 



(5.6.57) 



(5.6.58) 
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Therefore, the equation ( [5.6.56 ) becomes 



dr dr 
Using equation ( 5.6.44] ) we also have 

T (+) fl A£ 



4V2r||V AEe 



1 

i 

71 



4 (r) 



^2 (r) 



Comparing equation ( 5.6.55 ) with ( 5.5.30 ), ( 3.6.1| ), ( |5.542|) , we obtain 



-r^^Hjh 



(5.6.59) 



(5.6.60) 



(5.6.61) 



Using all these information, a straightforward computation shows that the Killing spinor equa- 
tions are identically satisfied. 



5.7 Detailed study of the 1/8 case 

As previously emphasized, the most general 1/8 black-hole solution of N = 8 supergravity is, 
up to [/-duality transformations, a solution of an STU model suitably embedded in the original 
N = 8 theory. Therefore, in dealing with the STU model we would like to keep trace of this 
embedding. To this end, we shall use, as anticipated, the mathematical tool of SLA which in 
general provides a suitable and simple description of the embedding of a supergravity theory in 
a larger one. The SLA formalism is very useful in order to give a geometrical and a quasi easy 
characterization of the different dynamical scalar fields belonging to the solution. Secondly, it 
enables one to write down the somewhat heavy first order differential system of equations for all 
the fields and to compute all the geometrical quantities appearing in the effective supergravity 
theory in a clear and direct way. Instead of considering the STU model embedded in the 
whole N = 8 theory with scalar manifold A4 = £7(7)/ SU(8), it suffices to focus on its TV" = 2 
truncation with scalar manifold M. t^/^ 3 = [SU(3, 3)/SU(3) x U(3)] x M.Q ua t which describes the 
classical limit of type II A Supergravity compactified on T 6 /Z3, M.Q ua t being the quaternionic 
manifold SO(4, l)/£0(4) describing 1 hyperscalar. Within this latter simpler model we are 
going to construct the N = 2 STU model as a consistent truncation. Indeed the embedding 



of the manifold M-t^Itlz ms ide the N = 8 has already been described in eq.s( 5.4.36 ) where 
we have shown the embedding of the corresponding solvable Lie algebra into Solv^ C Solvj. 
The embedding of the STU scalar manifold Aisru = (SL(2,JR)/U(1)) 3 inside -Mt 6 /^ 3 was 



described as an example in section 5.2.4| (see in particular eq.( |5.2.9j )). On the other hand in 



section [54] we discussed how, up to H = SU{8) transformations, the N = 8 central charge 
which is an 8 x 8 antisymmetric complex matrix can always be brought to its normal form in 
which it is skew-diagonal with complex eigenvalues Z,Zi, i = 1, 2, 3 [\Z\ > \ZJ\). In order to do 
this one needs to make a suitable 48-parameter SU(8) transformation on the central charge. 
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This transformation may be seen as the result of a 48-parameter £7(7) duality transformation 
on the 56 dimensional charge vector and on the 70 scalars which, in the expression of the 
central charge, sets to zero 48 scalars (24 vector scalars and 24 hyperscalars from the N = 2 
point of view) and 48 charges. Taking into account that there are 16 scalars parametrizing 
the submanifold SO (4, 4) /SO (4) x 50(4), 50(4,4) being the centralizer of the normal form, 
on which the eigenvalues of the central charge do not depend at all, the central charge, in its 
normal form will depend only on the 6 scalars and 8 charges defining an STU model. The 
isometry group of Mstu is [5T(2,IR)] 3 , which is the normalizer of the normal form, i.e. the 
residual [/-duality which can still act non trivially on the 6 scalars and 8 charges while keeping 
the central charge skew diagonalized. As we show in the sequel, the 6 scalars of the STU model 
consist of 3 axions and 3 dilatons pi, whose exponential exppj will be denoted by —hi. 

In the framework of the STU model, the eigenvalues Z(ai,bi,p A ,q\) and Zi(ai,bi,p A ,q\) 
are, respectively the local realization on moduli space of the N = 2 supersymmetry algebra 
central charge and of the 3 matter central charges associated with the 3 matter vector fields 
(see eq. (|3.6.14 ) and eq. ( 3.6.151 )). The BPS condition for a 1/8 black-hole is that the ADM mass 



should equal the modulus of the central charge: 

M ADM = \Z(a i ,b i ,p A ,q A )\. (5.7.1) 



As explained in section 3.6.1, at the horizon the field dependent central charge \Z\ flows to its 
minimum value: 

\Z\ min (p A ,q A ) = \Z(a{ lx ,b{ lx ,p A ,q A )\ 
d d 

= -Q — \Z\ a= b=fixed = -Q^-\Z\ a =b=fixed (5.7.2) 

which is obtained by extremizing it with respect to the 6 moduli aj,6j. At the horizon the 
other eigenvalues vanish (see chapter |j). The value \Z\ m i n is related to the Bekenstein 
Hawking entropy of the solution and it is expressed in terms of the quartic invariant of the 56- 
representation of £7(7) , which in principle depends on all the 8 charges of the STU model (see 



section 4.5.1 and in particular eq. ( 4.5.6 )). Nevertheless there is a residual [C/(l)] 3 G [SX(2,IR)] 3 
acting on the N = 8 central charge matrix in its normal form. These three gauge parameters 
can be used to reduce the number of charges appearing in the quartic invariant (entropy)from 8 
to 5, as we have already pointed out. We shall see how these 3 conditions may be implemented 
on the 8 charges at the level of the first order BPS equations in order to obtain the 5 parameter 
generating solution for the most general 1/8 black-holes in N = 8 supergravity. This generating 
solution coincides with the solution generating the orbit of 1/2 BPS black-holes in the truncated 
N = 2 model describing type II A supergravity compactified on T e /~2.^. Therefore, in the 
framework of this latter simpler model, we shall work out the STU model and construct the 
set of second and first order differential equations defining our solution. 



5.7.1 The STU model in the SU(3,3)/SU(3) x U(3) theory and solvable Lie 
algebras 

As it was shown in H] and already discussed in these lectures the hyperscalars do not contribute 
to the dynamics of our BPS black-hole, therefore, in what follows, all hyperscalars will be set to 
zero and we shall forget about the quaternionic factor M.Q ua t in ■M-t 6 /z 3 - The latter will then 
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be the scalar manifold of an N = 2 supergravity describing 9 vector multiplets coupled with the 
graviton multiplet. The 18 real scalars span the manifold Mt 6 /z 3 = SU(3,3)/SU(3) x U(3), 
while the 10 electric and 10 magnetic charges associated with the 10 vector fields transform 
under duality in the 20 (three times antisymmetric) of SU(3, 3). As anticipated, in order to 
show how the STU scalar manifold Mstu is embedded in M t s /z 3 we j us t have to use the 
SLA description. Indeed it suffices to quote the results of section 5.2,4 where the embedding of 
SoIvstu into Solv(SU(3, 3)/SU(3) x U(3) was explicitly derived. 



5.7.2 First order differential equations: the algebraic approach 

Now that the STU model has been constructed out the original SU(3, 3)/SU(3) x U(3) model, 
we may address the problem of writing down the BPS first order equations. To this end we 



shall use the geometrical intrinsic approach defined in [44] and eventually compare it with the 
Special Kahler geometry formalism. 

The system of first order differential equations in the background fields is obtained from the 
Killing spinor equations ( |3.6.9| ),( f3.6.10D , with parameter as in eq. fl3.6.1l| ). In our case we have 
that % = 1,2,3 labels the three matter vector fields, while here as in any other N = 2 theory 
A,B = 1,2 are the SU (2) R-symmetry indices. 

Following the procedure defined in previous chapters and sections, in order to obtain a 
system of first order differential equations out of the killing spinor conditions we make the 



ansatze ( 3.1.1 ) for the metric, ( 3.6.5[) , (|3.6.4| ), ( |3.6.3 )for the field strengths and we assume radial 



dependence for the scalar fields. We represent the scalars of the STU model in terms of three 
complex fields {z 1 } = {S,T,U}, parametrizing each of the three factors SL(2,JR)/ SO(2) in 
Mstu- 

In terms of special Kahler geometry the first order equations were already derived for a 
generic N = 2 theory and they are given by eq.s ( |3.6.12| ) and ( 3.6.13 ). We just have to 
particularize such equations to our specific STC7-model. 



In order to compute the explicit form of eqs.( 3.6.12 ) and ( |3.6.13| ) in a geometrical intrinsic 
way [^4j we need to decompose the 4 vector fields into the graviphoton F® and the matter vector 



fields F % in the same representation of the scalars z l with respect to the isotropy group H = 
[SO(2)] 3 . This decomposition is immediately performed by computing the positive weights 
of the (2, 2, 2) on the three generators {gi} of H combined in such a way as to factorize in H the 
automorphism group H aut = SO{2) of the supersymmetry algebra generated by A = 51+52+53 
from the remaining H mat ter = [SO (2)] 2 = {g~\ — 52, 9i — 53} generators acting non trivially only 
on the matter fields. The real and imaginary components of the graviphoton central charge Z 
will be associated with the weight, say v° having vanishing value on the generators of H ma tt er . 
The remaining weights will define a representation (2, 1, 1) © (1, 2, 1) © (1, 1, 2) of H in which 
the real and imaginary parts of the central charges Z l associated with F^ v transform and will be 
denoted by v 1 , i = 1, 2, 3. This representation is the same as the one in which the 6 real scalar 
components of z l = a% + ifcj transform with respect to H. It is useful to define on the tangent 
space of Mstu curved indices a and rigid indices a, both running form 1 to 6. Using the solvable 
parametrization of Mstu, which defines real coordinates (p a , the generators of SoIvstu = {T a } 
carry curved indices since they are parametrized by the coordinates, but do not transform in 
a representation of the isotropy group. The compact generators IK = SoIvstu + Solv STU of 
[SX(2,IR)] 3 on the other hand transform in the (2,1,1) © (1,2,1) © (1,1,2) of H and we 



5.7 DETAILED STUDY OF THE 1/8 CASE 



115 



can choose an orthonormal basis (with respect to the trace) for IK consisting of the generators 
]K a = T a +T c *i. These generators now carry the rigid index and are in one to one correspondence 
with the real scalar fields <p a . There is a one to one correspondence between the non-compact 
matrices IK a and the eigenvectors \v x ^ y ) (i = 1,2,3) which are orthonormal bases (in different 
spaces) of the same representation of H: 

{K 1 , K 2 , K 3 , K 4 , K 5 , K 6 } «-> {\vl)Av 2 v ),\vl),\vl),\v 2 x ),\v 3 x )} 



(5.7.3) 



{K a } 

The relation between the real parameters 
the complex fields z l is: 



{!«<»)} 



of the SLA and the real and imaginary parts of 



{^} = {-2 ai , -2a 2 ,-2a 3 , log (-60, log (-6 2 ), log (-63),} (5.7.4) 

Using the Sp(8)o representation of SoIvstu-, we construct the coset representative TL((fi a ) of 
Mstu an d the vielbein P" as follows: 



JL(ai,bi 



exp (T< 

(1- 
1 



2a 1 g 1 ) • (1 - 2a 2 52) • (1 - 2a 3 5f 3 ) • exp \ log {-bi)hi 



2y/2' 



Tr ( IK"!" 1 ^ 



= {- 



das db\ db2 db% 



} 



da\ da2 

2o7'~2&2~' 26 3 ' 26i ' 26 2 ' 26 3 

(5.7.5) 

The scalar kinetic term of the lagrangian is Y^^O^a) 2 - The following relations between quanti- 
ties computed in the solvable approach and Special Kahler formalism hold: 

^ ( Re(^*(7y| A )), -Re(^(7j)) \ 

^Im( 5 ^(V| A )),-Im(^(7^))/ 
(v°|]L*CM\ _ r- ( Re(Mx), — Re(L s ) 
/ niirtm^ I - v ^ m (M A ),-Im(L s ) 



(p2(t; Q |lL*CM 
.<«JjlL*CM ) 



(5.7.6) 



where in the first equation both sides are 6x8 matrix in which the rows are labelled by a. The 
first three values of a correspond to the axions a^, the last three to the dilatons log(— bi). The 
columns are to be contracted with the vector consisting of the 8 electric and magnetic charges 
\Q) SC = 27r(p A ,gs) in the special coordinate symplectic gauge of AisTU- In eqs. ( 5.7.6 ) C is 
the symplectic invariant matrix, while M is the symplectic matrix relating the charge vectors 
in the Sp(8)r> representation and in the special coordinate symplectic gauge: 

\Q) SP (8) D = M-\Q) SC 



M 



f° 

















1 




1 












































1 

















-1 














-1 





























1 




















-1 














Vo 


1 

















0/ 



G Sp(8, R) 



(5.7.7) 
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Using eqs. ( 5.7. 6j ) it is now possible to write in a geometrically intrinsic way the first order 
equations: 



= (u°|IL*CM|t} sc (5.7.8) 



The full explicit form of eq.s ( |5.7.8| ) can be found in Appendix A where, using eq. ( 3.6.17j ) 



everything is expressed in terms of the quantized moduli-independent charges (q\,p ). The 
fixed values of the scalars at the horizon are obtained by setting the right hand side of the 
above equations to zero and the result is consistent with the literature (||48||): 



(ai +ih)f ia 
(a 2 + ib 2 )f ix 



P A QA 


- 2p 1 q 1 


- 'Wf(jp,q) 




2p 2 p 3 — 


2p°qi 


p A q\ 


- 2p 2 q 2 


- V/(p> <?) 




2p 1 p 3 — 


2p°q 2 


P A QA 


- 2p 3 <?3 


- V/(P>?) 




2p 1 p 2 — 


2p°q 3 



(03 + 163)/^ = —r-^ — — = (5.7.9) 



where f(p,q) is the -£^7(7) quartic invariant S 2 (p,q) (see eq.s ( |4.5.6|) and ([4.5.14 )) expressed as 



a function of all the 8 charges (and whose square root is the entropy of the solution): 

S 2 (p, q) = f(p, q) = -(p°qo ~ p\i + + p 3 q 3 f + 4(p 2 p 3 - p°qi)(j> 1 q + 929a) (5.7.10) 

The last of eqs. ( p.7.8| ) expresses the reality condition for Z((f>,p, q) and it amounts to fix one of 
the three SO (2) gauge symmetries of H giving therefore a condition on the 8 charges. Without 
spoiling the generality (up to [/-duality) of the black-hole solution it is still possible to fix the 
remaining [5'0(2)] 2 gauges in H by imposing two conditions on the phases of the Z l ((j),p, q). 
For instance we could require two of the Z l (cj),p, q) to be imaginary. This would imply two more 
conditions on the charges, leading to a generating solution depending only on 5 parameters as 
we expect it to be [^]. Hence we can conclude with the following: 

Statement 5.7.1 Since the radial evolution of the axion fields ai is related to the real part of 



the corresponding central charge Z l ((p,p,q) (see (3.6.1k)), up to U duality transformations, the 
5 parameter generating solution will have 3 dilatons and 1 axion evolving from their 
fixed value at the horizon to the boundary value at infinity, and 2 constant axions whose value 
is the corresponding fixed one at the horizon (double fixed). 



5.7.3 The first order equations: the special geometry approach 



The first order BPS equations may be equivalently formulated within a Special Kahler descrip- 
tion of the manifold M.STU- I n the special coordinate symplectic gauge, all the geometrical 
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quantities defined on M-stu ma y be deduced form a cubic prepotential F(X): 

n(z) = 



{**} = {S,T,U} 
X A (z) 

IC(z,~z) 



X\z\ 

( l \ 

S 

T 

\uj 

dxF(X) 

- log(8|ImSTmTIm[/|) 



didj*K(z, z) 

A/a s 
Fas (z) 
F(X) 



diag{-(5- S 



-2 /— 



T-T 



-2 /_ 



U-U } 



-2 



Fas + 2i 



ImF A nImF S n^i n 



a A a s F(x) 



(5.7.11) 



The covariantly holomorphic symplectic section V(^, z) and its covariant derivative Ui(z, z) are: 



V(z,z) 
Ui(z,z) 

Ui*{z,z) 

M s {z,z) 
hi\s(z,z) 



( L A (z,z) 

f t A (z,z) 
hi\r,(z,z) 

7i*(z,z) 



ViV(z,z) = (di + ^-)V(z,z) 



K*\Y,{Z,Z, 

Afx A (z,z)L A (z,z) 
Jfv\{z,z)ft{z,z) 



Vi*V(z,z) = (d^ + ^)V(z,z) 



(5.7.12) 



The real and imaginary part of N in terms of the real part aj and imaginary part b% of the 
complex scalars z l are: 



ReVV 



\mM = 



2ala2a3 — (a2a3) — (ala3) 

— (o2 a3) a3 

— (al a3) a3 

— (al a2) a2 al 

/ al 2 62 63 | fcl (a3 2 62 2 + (a2 2 +b2 2 ) 63 2 ) 




61 



V 



62 63 
alb2 63 

61 
a2 6163 

62 
q3 bl 62 
63 



al 62 63 

61 
62 63 
61 






a2 6163 
62 



61 63 
62 





a3 6162 
63 




61 62 / 

63 / 



(5.7.13) 



Using the above d efined quantities, the first order BPS equations can be written in a complex 
notation as in eq. ( 3.6.12| ): 



dS_ 

dr 



± 



Mr) 



lm(S) 



1 2Im(T)Im(C7) 



qa + Uq 3 -Up 2 S + qiS 
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-T (- (Upl) 



12 



Up°S~ P 3 s) 



dr 



Im(T) 



1 2Im(5)Im(C/) 



?0 



Uq 3 -Up 1 T + q 2 T 



+S (- (C/p 2 ) + qi + Up" T - p 3 T) 



dU 
dr 



= ± 



Im(£7) 



1 2Im(S')Im(T) 



qo+tq 2 -Tp 1 U + q 3 U 



(Tp 3 



Tp°U- p 2 u) 



dU 
dr 



— = ± 



Mr) 



2v / 2(|Im(5 , )Im(T)Im(f/)|) 1 /2 
+T {-(Up 1 )+q 2 ) +Uq 3 ] 



[q a + S (TUp° - Up 2 -Tp 3 



■91 



(5.7.14) 



Note that to avoid confusion in the above equations the real function U(r) appearing in the 
metric has been renamed U(r) so that it should not be confused with the complex scalar field 
U. The naming STU for the three complex scalar fields of the SX(2,IR) 3 model has by now 
become so traditional that it could not be avoided: in the literature such an N = 2 theory 
is universally referred to as the STC7-model. On the other hand the name U for the scalar 
function in the ansatz ( 3.1. 1| ) for the extremum AD black-hole is also universally adopted so 
that the conflict of notation limited to eq. fl5.7.14| ) could be removed only at the price of using 
unfamiliar notations throughout all the lectures. 
The central charge Z(z,z,p,q) being given by: 



Z(z,z,p,q) 



\ v 2 v / 2(|Im(5)Im(T)Im([/)|) 
T (- ^Jp 1 )+q 2 )+Uq 3 ] 



—^j [q + S (rUp° - Up 2 - Tp 3 + ffl ) + 



(5.7.15) 



5.7.4 The solution: preliminaries and comments on the most general one 

In order to find the solution of the STU model we need also the equations of motion that must be 
satisfied together with the first order ones. We go on using the Special Kahler formalism in order 
to let the comparison with various papers being more immediate. Let us first compute the field 
equations for the scalar fields Zi, which can be obtained from an N = 2 pure supergravity action 
coupled to 3 vector multiplets. From the action of eq.( 3.5.1| ) we get: Maxwell's equations : 
The field equations for the vector fields and the Bianchi identities read: 



d u 








(5.7.16) 



Using the ansatz ( |3.6.4 ) the second equation is automatically fulfilled while the first equation, 
as it was anticipated before, requires the quantized electric charges q\ defined by eq. ( |3.6.17| ) 
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to be r-independent (eq. ( |3. 6.18j )). 
Scalar equations : 

varying with respect to z 1 one gets: 

{dilmN^)F K F^~ + (diReMA^F^F^- = (5.7.17) 
which, once projected onto the real and imaginary parts of both sides, read: 

^(< + 2^-2^i) = -\ {{d a lmN^)F^\- + (a ai ReAA AS )F^I- 



e m / b'- (a' 2 - b' 2 



(5.7.18) 

Einstein equations : 

Varying the action ( [3.5.1 ) with respect to the metric we obtain the following equations: 

Rmn = —gij*dMZ l dNZ :> + Smn 
Smn = -2ImA/- AS (f a F^ - ]g M NF A F^-) + 



2Re7vAs (f a F^ - ]g M NF A F^-) (5.7.19) 



Projecting on the components (M, N) = (0,0) and (M, N) = (a,b), respectively, these equations 
can be written in the following way: 

U" + -W = -2e- 2W 5 00 
r — 

(^) 2 + E^2((^) 2 + (^) 2 ) = -2e~ 2 %o (5-7-20) 

i 1 

where: 

2e m 

5 °o = -7^^IniA/As(pV+^(r) A ^(r) S ) (5.7.21) 

In order to solve these equations one would need to make explicit the right hand side expression 
in terms of scalar fields a,i,bi and quantized charges (p A ,qs)- In order to do that, one has to 
consider the ansatz for the field strengths ( 3.6. 4| ) substituting to the moduli-dependent charges 
V-kir) appearing in the previous equations their expression in terms of the quantized charges 
obtained by inverting eq.( |3.6.17| ): 



£ A (r) = ImAr 1 ^ (g s - Re^W") (5.7.22) 



Using now the expression for the matrix M in eq. ( 5.7.13 ), one can find the explicit expression 
of the scalar fields equations of motion written in terms of the quantized r-independent charges. 
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They can be found in Appendix A. In Appendix A we report the full explicit expression of the 



equations of motion for both the scalars and the metric. Differently from what stated in [54], 



in order to find the 5 parameter generating solution of the STU model, it is not sufficient to 



substitute to each charge, in the scalar fixed values of eq.( 5.7.9 ), a corresponding harmonic 
function (gj — > Hi = 1 + qi/r). As already explained, the generating solution should depend 
on 5 parameters and 4 harmonic functions, as in In particular, as explained above, 2 of 
the 6 scalar fields parametrizing the STU model, namely 2 axion fields, should be taken to be 
constant. Therefore, in order to find the generating solution one as to solve the two systems of 
eq.s flA.l.ip (first order) and ( |A.1.2[) (second order) explicitly putting as an external input the 
information on the constant nature of 2 of the 3 axion fields. As it is evident from the above 
quoted system of eq.s, it is quite difficult to give a not double extreme solution of the combined 
system that is both explicit and manageable. It is however work in progress for a forthcoming 
paper |55|. 

5.7.5 The solution: a simplified case, namely S = T = U 

In order to find a fully explicit solution we can deal with, let us consider the particular case 
where S = T = U . Although simpler, this solution encodes all non-trivial aspects of the most 
general one: it is regular, i.e. has non-zero entropy, and the scalars do evolve, i.e. it is an 
extreme but not double extreme solution. First of all let us notice that eq.s (|A.1.1| ) remain 
invariant if the same set of permutations are performed on the triplet of subscripts (1,2,3) 
in both the fields and the charges. Therefore the solution S = T = U implies the positions 
Qi = Q2 = Q3 = Q and p 1 = p 2 = p 3 = p on the charges and therefore it will correspond 
to a solution with (apparently only) 4 independent charges (p ,p, qo,q)- According to this 
identification, what we do expect now, is to find a solution which depends on (apparently) only 
3 charges and 2 harmonic functions. Notice that this is not simply an axion-dilaton black-hole: 
such a solution would have a vanishing entropy differently from our case. The fact that we have 
just one complex field in our solution is because the three complex fields are taken to be equal 
in value. The equations ( |A.1.1[ ) simplify in the following way: 

''" fcU>r ' X ' -.(bq-2abp+(a 2 b + b 3 



dr \ r 2 I yj—2b 

db ( e u ^ \ 1 

fa \ r 2 ) ^2b 

dU . (e u ^\ ( 1 



(Sag- (3a 2 + 6 2 ) p+ (a 3 + a6 2 ) p° + q ) 



± 



2>/2(-b) 3 / 2 J (3aq ~ ( 3a2 " 362 ) P+(a 3 -3ab 2 ) p° + q ) 



dr \ r 2 

= 3bq-6abp+ (3a 2 6-6 3 j p° (5.7.23) 
where a = aj , b = b{ (i = 1, 2, 3). In this case the fixed values for the scalars a, b are: 

pq + p° go 
aflx ~ 2p 2 -2p0q 

, _ Vf{p,q,p°,Qo) 

flx 2(p 2 -pVq) 
where f(p, q,p°, qo) = 3p 2 q 2 + 4p 3 qo — 6pp° qqo — p° (^4q 3 + p° go 2 ) (5.7.24) 
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Computing the central charge at the fixed point Zfi x {p,q,p°,qo) = Z(af ix ,bfi x ,p,q,p°,qo) one 
finds: 

Zf ix {p,q,p°,qo) = \Z fix \e e 
\Zf ix (p,q,p°,qo)\ = f(p,q,P°,qo) 1/4 



sm( 



p°f(p,q,p°,qo) 1/2 
2(p 2 - qp ) 3 / 2 



-2p 3 + 3pp q+p o2 q 

cosd = 57^ (5.7.25) 

2 (p 2 - pO qf 2 

The value of the t7-duality group quartic invariant (whose square root is the entropy) is: 

S 2 (p,q,p°,q ) = \Z fix (p,q,p°,q )\ 4 = f(p,q,p°,q ) (5.7.26) 

We see form eqs.( 5.7.25| ) that in order for Zfi x to be real and the entropy to be non vanishing 
the only possibility is p° = corresponding to 8 = it. It is in fact necessary that sin 9 = while 
keeping / ^ 0. We are therefore left with 3 independent charges (q,p,qo), as anticipated. 

Solution of the 1 st order equations 

Setting p° = the fixed values of the scalars and the quartic invariant become: 

- -L 

afix ~ 2p 



_ ^3g 2 + Aq p 
^ fix ~ 2p 
h = (3<?V + 4q oP 3 ) (5.7.27) 



From the last of eq.s (5.7.23) we see that in this case the axion is double fixed, namely does not 
evolve, a = aj ix and the reality condition for the central charge is fulfilled for any r. Of course, 
also the axion equation is fulfilled and therefore we are left with two axion-invariant equations 
for b and U : 

db , e u 3q 2 2 

Tr = ± rWTb {q ° + ^p-- bp) 

% - ± ^^ +3 i +3b2p) (5 - 7 - 28) 

which admit the following solution: 



b(r 



'{Ai + h/r) 



(A 2 + k 2 /r 

e u = ((A 2 + ^f(A l + k 1 /r^ 
\ r 

^ V2(3g 2 + iq p) 

kl = ± T P 

k 2 = ±V2p (5.7.29) 
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In the limit r — > 0: 



b(r) 
Mr) 



1/2 
-1/4 



bfix 

= p/ -l/4 



as expected, and the only undetermined constants are , A 2 . In order for the solution to 
be asymptotically minkowskian it is necessary that (A\ Aq)~ 1 ^ = 1. There is then just one 
undetermined parameter which is fixed by the asymptotic value of the dilaton b. We choose for 
simplicity it to be — 1 , therefore A\ = 1 , A 2 = 1. This choice is arbitrary in the sense that the 
different value of b at infinity the different universe (=black-hole solution), but with the same 
entropy. Summarizing, before considering the eq.s of motion, the solution is: 



O'fix 



2p 



'(l + fci/r) 



M 



(l + k 1 /r)(l + k 2 /r) 3 



-1/4 



(5.7.30) 



with k\ and k 2 given in ( |5.7.29|) . 
Solution of the 2 st order equations 



In the case S = T = U the structure of the M matrix (5.7.13) and of the field strengths reduces 
considerably. For the period matrices one simply obtains: 



ReAA 



/2 a 3 


-a 2 


—a 


-a 2 





a 


-a 2 


a 





V-a 2 
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while the dependence of £^(r) from the quantized charges simplifies to: 



/ 

(5.7.31) 



/ -3 a 2 p+3aq+qo \ 

-3 a 3 p+b 2 g+3 a 2 q+a {-2b 2 p+qo) 

P 

-3 a 3 p+b 2 q+3 a 2 q+a (-2b 2 p+qo) 

P 

-3 a 3 p+a 4 p°+b 2 q+3 a 2 q+a (-2 b 2 p+qo) , 
' b~3 



(5.7.32) 



I nsertin g ( |5.7.32| ) in the expressions ( 3.6.4 ) and substituting the result in the eq.s of motion 
(|5T7l8D one finds: 



2— + 2- 

o r 



j it V (a' 2 -b' 2 ) 

b" + 2- + i '- 

r b 



= 



yi g 2 U ^2 _ (-3 a 2 p+3a q+qo) 2 ^ 



(5.7.33) 
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The equation for a is automatically fulfilled by our solution ( |5.7.3C ). The equation for b is 
fulfilled as well and both sides are equal to: 



(k 2 - h) e m (k 1 + k 2 + 



2 k! k 2 
r 



2br 4 

If (&2 — k\) = both sides are separately equal to which corresponds to the double fixed 



solution already found in [48]. Let us now consider the Einstein's equations. Prom equations 
we obtain in our simpler case the following ones: 

z/' + V = (Wf + A ((p<f + {a >f) 

U" + -U' = -2e~ 2U S 00 (5.7.34) 
r — 

The first of eqs.( 5.7.34| ) is indeed fulfilled by our ansatz. Both sides are equal to: 

(5.7.35) 



Again, both sides are separately zero in the double-extreme case (k 2 — k±) = 0. The second 
equation is fulfilled, too, by our ansatz and again both sides are zero in the double-extreme 
case. Therefore we can conclude with the 



Statement 5.7.2 Eg. ( 5. 7. ~3^j yields a | supersymmetry preserving solution of N=8 supergrav- 



ity that is not double extreme and has a finite entropy: 

Sbh = (3pV + 4g p 3 ) 1/2 (5.7.36) 
depending on three of the 5 truly independent charges 

On the other hand if in eq.( |5.7.30| ) we set k\ = k 2 we see that both the dilaton and the axion are 
set to a constant value equal to the fixed value. At the same time the form of the metric becomes 
that of an a = 0-brane solution as described in eq. Q3.1.14 ). As the critical values a = y/3 



and a = 1 are respectively associated with 1/2 and 1/4 supersymmetry preserving black-holes, 
in the same way the last critical value a = is associated with 1/8 preserving black-holes. This 
case is the only one where scalar fields are finite at the horizon and correspondingly the entropy 
can be non-vanishing and finite. 
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The full set of first and second order 
differential equations for the 
STU-model 



Setting z l = a\ + Vo% eqs.(5.7.14) can be rewritten in the form: 

aU{r) 
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dr 



e u(r > / 61 
± — 2~\ /-^-r[-bi?i + b 2 q 2 + hq 3 
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(A.l.l) 
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The explicit form of the equations of motion for the most general case is: 



Scalar equations : 
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(A.1.2) 



where the quantity Sqo on the right hand side of the Einstein eqs. has the following form: 



Soo = 77 r , 4 (ai 2 &2 2 b 3 2 Pl 2 + b x 2 b 2 2 b 3 2 Pl 2 -2a x b 2 2 b 3 2 Pl p 2 + b 2 2 b 3 2 p 2 2 + h 2 b 3 2 p 3 2 + 
4 h b 2 b 3 r 4 

+fo 1 2 b 2 2 p 4 2 + a, 2 b 2 2 b 3 2 £{r) 2 + b x 2 b 2 2 b 3 2 £(r) 2 + a 3 2 b, 2 b 2 2 ( Pl 2 + ^r), 2 ) + 

W h 2 b 3 2 ( Pl 2 + ^(r)x 2 ) - 2 at b 2 2 b 3 2 t{r)! £(r) 2 + b 2 2 b 3 2 £{r) 2 2 + h 2 b 3 2 £(r) 3 2 + 

-2 a 2 b x 2 b 3 2 (p! p 3 + £(r)i £{r) 3 ) + b x 2 b 2 2 £{r) 4 2 - 2 a 3 b x 2 b 2 2 ( Pl p 4 + *(r)i £{r) 4 )) (A.1.3) 
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The explicit expression of the £a{t) charges in terms of the quantized ones is computed from 
eq. (f[7jl): 
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(A.1.4) 
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